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Preface

Chemical reactions take place due to the redistribution of electron density among the
reacting partners. Focusing on changes in electron density, which accompany the
breaking and forming of chemical bonds, instead of the changes in the wave function
accompanying them, allows us to use the “‘classical” three-dimensional language.
Conceptual density functional theory (DFT) quantifies the possible responses of the
system to various changes in density. Popular concepts like electronegativity, hard-
ness, and electrophilicity, which explain a large number of diverse types of reactions
in a systematic fashion, are grounded in conceptual DFT.

The aim of this book is to introduce various aspects of DFT and their con-
nections to a chemical reactivity theory at a broadly accessible level. To this end,
34 chapters have been written by 65 eminent scientists from 13 different countries.
Although the book is designed for readers with little or no prior knowledge of the
subject, the breadth of the book and the expertise of the authors ensure that even
experienced scientists will benefit from its contents.

The book comprises chapters on bonding, interactions, reactivity, dynamics,
toxicity, and aromaticity as well as fundamental aspects of DFT. Several chapters
are minireviews of the key global and local reactivity descriptors and their variations
under different perturbations.

I'am grateful to all the authors and the reviewers who cooperated with me to ensure
the publication of the book on time. It is a great pleasure to express my gratitude to my
teachers, Professors S.C. Rakshit, B.M. Deb, and R.G. Parr, for kindly introducing me
to the fascinating field of quantum mechanics as applied to many-electron systems.
I would especially like to thank Professor Paul Ayers, Lance Wobus, David Fausel,
and Santanab Giri. Finally, I must express my gratitude to my wife Samhita and my
daughter Saparya for their wholehearted support.

Pratim Kumar Chattaraj
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’I How I Came
about Working
in Conceptual DFT

Robert G. Parr

CONTENTS
1.1  Bonding of Quantum Physics with Quantum Chemistry ..........c..ccccereeuenene 1
REfEIENCES ...t 4

When Pratim Chattaraj asked me to provide some kind of “foreword” to this book, my
first reaction was ‘“no,” since everyone knows that the past is not so important in
science and that one person’s recollections often are faulty. What we had here was just
a long-laboring quantum chemist with a rigorous training in classical Gibbsian chem-
ical thermodynamics, always enchanted with the chemical potential. So when quantum
chemistry was suddenly confronted with the density functional theory (DFT), I was
ready and happy to plunge into work with DFT, the chemical potential again taking a
central role. To say a little more, below is reproduced a short piece which I provided
for a 2003 Springer book entitled Walter Kohn (two photographs which were in the
original are omitted). What this contains is the story of how DFT came into chemistry
proper, broadening computational chemistry and enlightening chemical concepts both
old and new. Concepts are what this volume is mainly about: conceptual DFT.

1.1 BONDING OF QUANTUM PHYSICS
WITH QUANTUM CHEMISTRY*

The bond that developed between quantum physics and quantum chemistry, that led
to the award of a big chemistry prize to the physicist Walter Kohn in 1998,
developed not without trial. Here I give an account of it. An element in this bond
has been a friendship between Walter Kohn and me. My having reached 80 first, he
has already kindly spoken of this [1]. Now it is my turn.

In the 20s and early 30s there was a flush of successes in establishing the ability of
quantum mechanics to describe the simplest molecules accurately: the Born-
Oppenheimer approximation, the nature of chemical bonding, and the fundamentals

* I thank Springer for allowing me to reproduce this article.
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of molecular spectroscopy. But then the quantitative theory of molecular structure,
which we call quantum chemistry, was stymied, by the difficulty of solving the
Schrodinger equation for molecules. The senior chemical physicists of the 30s pro-
nounced the problem unsolvable. But the younger theoreticians in the period coming
out of WWII thought otherwise. Clearly one could make substantial progress toward
the goal of complete solution, because the equation to solve was known and had a
simple universal structure.

The boundary conditions too were known. It would not be as easy as handling an
infinite periodic solid, but a number of us set to work. The special demand of
chemistry was to quantify very small molecular changes. Successes came slowly,
but with the development of computers and a lot of careful, clever work, by the 90s
the quantitative problem was essentially solved. The emergent hero of the chemical
community was John Pople, whose systematic strategy and timely method develop-
ments were decisive. The methods of what is termed ““ab initio” quantum chemistry
became available and used everywhere.

Over the years the quantum chemists did a lot more than gradually improve their
ability to calculate wavefunctions and energies from Schrddinger’s equation. All the
while they have served molecular spectroscopy, physical inorganic chemistry, and
physical organic chemistry. Relevant for the present story was the development by
Per-Olov Lowdin in 1955 of the density matrix reduction of the Schrédinger equation,
especially the identification and mathematical physics of natural spin orbitals and their
occupation numbers. The hope was, although hope floundered, that the Schrodinger
problem could be resolved in terms of the first- and second-order density matrices.
Foundering came because of the difficulty of incorporating the Pauli principle.

Beginning way back in the 20s, Thomas and Fermi had put forward a theory
using just the diagonal element of the first-order density matrix, the electron density
itself. This so-called statistical theory totally failed for chemistry because it could not
account for the existence of molecules. Nevertheless, in 1968, after years of doing
wonders with various free-electron-like descriptions of molecular electron distribu-
tions, the physicist John Platt wrote [2] “We must find an equation for, or a way of
computing directly, total electron density.”” [This was very soon after Hohenberg and
Kohn, but Platt certainly was not aware of HK; by that time he had left physics.]

From the end of the 40s, I was a happy participant in most of these things,
ab initio and the rest, although from about 1972 I became pretty much an observer.
We plunged into density-functional theory.

DFT soon intoxicated me. There were the magnificient Hohenberg-Kohn and
Kohn-Sham 1964-65 papers. The Xalpha method of John Slater was popular in
those days, but it was not sufficient for the high accuracy needed. And I was much
taken by the work of Walter Kohn, whom I had known since 1951. There were many
things to do: Improve upon the LDA to reach the accuracy needed for chemical
applications. Shift the emphasis on fixed, very large electron number toward vari-
able, small number, since that most concerns chemistry. Enlarge the language to
include chemical as well as solid-state concepts. Introduce into DFT, as appropriate,
some of the theoretical advances already made within quantum chemistry. All of
these things subsequently came about. The methods and concepts of DFT became
available and used throughout the chemical community.
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I had been on the faculty of Carnegie Institute of Technology for a couple of
years when Walter Kohn arrived in 1951. I was aware from the beginning of the
strength of physics at Carnegie, especially solid state physics. Fred Seitz was the
Head when I arrived, and several other solid state experts also were there. I bought
Seitz’s great book for $6.38 and browsed in it, noting in particular the fine descrip-
tion of the Hartree-Fock method (but not finding any treatment of the invariance to
unitary transformation of orbitals that is so important for understanding the equiva-
lence of localized and non-localized descriptions of molecules). I enjoyed pleasant
interactions with a number of the physicists. Soon after Kohn arrived, I had two
physicist postdocs, Tadashi Arai from Japan and Fausto Fumi from Italy, who
became acquainted with him. On the thesis examination committee of Walter’s
graduate student Sy Vosko, I learned that it was okay to use trial wavefunctions
with discontinuous derivatives. I was pleased to attend an evening party at the
Kohns, and I was disappointed when Walter left Carnegie for elsewhere.

I do not recall when I first heard of the Hohenberg-Kohn-Sham papers, but I do
know that the quantum chemistry community at first paid little attention to them. In
June of 1966 Lu Sham spoke about DFT at a Gordon Conference. But in those days,
there was more discussion about another prescription that had been on the scene
since 1951, the Slater Xa method. The Xa method was a well-defined, substantial
improvement over the Thomas-Fermi method, a sensible approximation to exact
Kohn-Sham. Debate over Xa went on for a number of years. Slater may never have
recognized DFT as the major contribution to physics that it was. [When I asked John
Connolly five or six years ago how he thought Slater had viewed DFT, he replied
that he felt that Slater regarded it as “obvious.”’]

Walter Kohn’s appearance at the Boulder Theoretical Chemistry Conference of
1975 was memorable. On June 24, he presented a formal talk, in which he outlined
DFT to the assemblage of skeptical chemists. There were many sharp questions and a
shortage of time, so the chair of the conference decided to schedule a special session
for the afternoon of June 26. With quite a crowd for an informal extra session like
this, Walter held forth on his proof. In his hand, he held a reprint of the HK paper,
from which he quietly read as he slowly proceeded: *“....and now we say...”. The
audience sobered down quickly. It was a triumph. The interest of quantum chemists
in DFT began to grow at about this time.

Our group began contributing to DFT in the 1970s. In some of our first work,
my graduate student Robert Donnelly generalized the original idea to functionals of
the first-order density matrix. In 1977, I described the central result at Walter Kohn’s
luncheon seminar in San Diego: All natural orbitals with nonzero occupation
numbers have the same chemical potential. Discussing this with Walter at the
blackboard afterwards, I remember his saying “This must be correct.” [Walter
himself recently recalled this incident.] First-order density matrix functional theory
is receiving fresh attention nowadays.

As we ourselves kept plugging along, the quantum chemical community largely
was negative about DFT, even antagonistic. Their “house journal” International
Journal of Quantum Chemistry, in 1980, published a pointed criticism of it [3]:
“There seems to be a misguided belief that a one-particle density can determine the
exact N-body ground state.” In 1982, Mel Levy and John Perdew replied with a
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letter that was both incisive and eloquent [4]: “The belief is definitely not mis-
guided.” Yet, in the same issue of IJQC, the editors called for further discussion of
the “controversial” subject [5]. It was going to be awhile before quantum chemists
were convinced.

Over the period 1979-1982, Mel Levy supplied a major advance with introduc-
tion and careful discussion of the constrained search formulation of density func-
tional theory. This greatly heightened confidence in the theory (and it still does!).
Then in 1983 came Elliott Lieb’s masterly detailed analysis, which validated DFT as
rigorous mathematical physics. [Once in the 70s I asked Barry Simon, the mathem-
atician who with Lieb had done a famous rigorous analysis of the Thomas-Fermi
theory, what his opinion was of DFT. “It may be good physics,”” he said, “but it is
not good mathematics’’]. Lieb’s paper signaled the end of the period of doubt about
DFT. The space for further development was now wide open and the interest of
chemists began to accelerate.

What computational chemists wanted above all else was calculational methods
for molecules, and the LDA just was not enough. The need for more accurate
exchange-correlation functionals was met in the 80s, with an accuracy that has
proved quite good enough for the times. The Nobel award in 1998, one may point
out, was specifically designated to be a prize for computational chemistry. Well,
good, and immensely deserved in my opinion. I note, however, that there is another
whole side of DFT which has concerned and still concerns many of us, the “‘con-
ceptual” side. This side is rich in potential, and it is not without accomplishment.
The concepts of DFT neatly tie into older chemical reasoning, and they are useful for
discussing molecules in course of reaction as well as for molecules in isolation.
Where solid-state physics has Fermi energy, chemical potential, band gap, density of
states, and local density of states, quantum chemistry has ionization potential,
electron affinity, hardness, softness, and local softness. Much more too. DFT is a
single language that covers atoms, molecules, clusters, surfaces, and solids.

Walter Kohn has been a great help to many scientists over many years, an expert
consultant and helpmate and a fine, unobtrusive, even-handed host of good meetings
in lovely places. We thank him. In recent years I have discussed with him (among
other things), circulant orbitals, the monotonic density theorem, and the information
theory point of view on what constitutes an atom in a molecule, the latter during a
stolen few minutes in a Stockholm hotel in December of 1999 [6]. Walter may or
may not “like” chemistry [7], and he claims not to have studied chemistry in the
university. But what does one call a great teacher of chemical principles? I would
say, CHEMIST, full caps.

REFERENCES

1. W. Kohn, in Reviews of Modern Quantum Chemistry. K.D. Sen (Ed.). Vols. I, 1I, World
Scientific, Singapore, 2002, pp. v—vii.

John R. Platt, letter to RGP, dated October 23, 1968.

International Journal of Quantum Chemistry 18, 1029, 1980.

M. Levy and J.P. Perdew, International Journal of Quantum Chemistry 21, 511, 1982.
International Journal of Quantum Chemistry 21, 357, 1982.

VAL



How | Came about Working in Conceptual DFT 5

6. RGP was delighted to be Walter Kohn’s guest. See P. Hohenberg, in Walter Kohn:
Personal Stories and Anecdotes Told by Friends and Collaborators, M. Scheffler and
P. Weinberger (Eds.), Springer, Berlin, 2003, p. 120.

7. E. Eliel, in Walter Kohn: Personal Stories and Anecdotes Told by Friends and
Collaborators, M. Scheffler and P. Weinberger (Eds.), Springer, Berlin, 2003, p. 79.






2 Chemical Reactivity
Concepts in Density
Functional Theory

José L. Gazquez

CONTENTS
2.1 INEFOAUCHION ...coutiniiiie ittt sttt s 7
2.2 Density Functional Theory for Noninteger Number of Electrons................. 8
2.3 Derivatives of the Energy with Respect to the Number of Electrons......... 11
2.4 Derivatives of the Electronic Density with Respect to the Number

OF BEIECLIONS ...ttt ettt st 13
2.5  Derivatives in an Orbital Language..........cccceeruerueeieruieneneenieniceie e 17
2.6 Concluding Remarks..........cceeieviirierieniinieninieieeienecteseceee e 19
ACKNOWIEAGMENLS ....ceeviiiiieeiiieiierteei ettt ettt ettt et e e e sabeesbaesseesans 20
RETEIENCES ..ottt s 21

2.1 INTRODUCTION

The description of chemical reactivity implies, among other aspects, the study of the
way in which a molecule responds to the attack of different types of reagents. In
order to establish this response, one usually adopts the electronic structure of the
molecule in its isolated state as the reference point and considers the effects of an
attacking reagent on this state. This procedure leads to the description of what we
may call the inherent chemical reactivity of a molecule.

The inherent chemical reactivity of a great variety of molecules has been
described over the years through different concepts and principles. To mention
some, the concept of electronegativity, together with the electronegativity equaliza-
tion principle, has been used to qualitatively establish the distribution of electronic
charge between the different atoms in a molecule, or the direction of the flow of
charge when two species interact. The concepts of hardness and softness, together
with the hard and soft acids and bases principle, have been used to explain the vast
world of Lewis acid—base chemistry qualitatively.

Undoubtedly, from a theoretical viewpoint, from the wave function approach
to the description of chemical processes, molecular orbitals have been amply used
for a basically qualitative, but at the same time conceptually simple and general,
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interpretation of the inherent chemical reactivity. Particularly, the frontier orbital
theory has been used to understand fundamental aspects of a great variety of organic
and inorganic reactions. In order to achieve greater accuracy in the description of
chemical processes through a wave function language, one needs to include correl-
ation effects at the expense of losing the conceptual simplicity of the orbital picture.

In the last three decades, density functional theory (DFT) has been extensively
used to generate what may be considered as a general approach to the description of
chemical reactivity [1-5]. The concepts that emerge from this theory are response
functions expressed basically in terms of derivatives of the total energy and of the
electronic density with respect to the number of electrons and to the external
potential. As such, they correspond to conceptually simple, but at the same time,
chemically meaningful quantities.

Unlike the wave function description, in which increasing accuracy implies a
greater complexity in the interpretation, the density functional approach maintains its
simplicity, since the derivatives can be evaluated as accurately as possible, but their
chemical meaning remains the same.

The objective of the present chapter is to analyze the chemical reactivity criteria
that emerge from DFT. Thus, in Section 2.2, we present the extension of DFT to
noninteger number of electrons. In Section 2.3, we discuss the behavior of the energy
as a function of the number of electrons in order to link the concept of electro-
negativity with the negative of the chemical potential of DFT, and to identify the
concept of hardness. In Section 2.4, we examine the derivatives of the electronic
density with respect to the number of electrons to present the concepts of the Fukui
function and the dual descriptor, together with their main properties. In Section 2.5,
we derive the expressions for all these derivatives in the Kohn—Sham (KS) and the
Hartree—Fock (HF) methods to establish their interpretation in an orbital language.
Finally, in Section 2.6, we give some concluding remarks.

2.2 DENSITY FUNCTIONAL THEORY FOR NONINTEGER
NUMBER OF ELECTRONS

In DFT, the ground-state energy of an atom or a molecule is written in terms of the
electronic density p(r), and the external potential v(r), in the form [1,6]

Elp] = Flp] + Jdl'p(r)V(l’), 2.1

where FJ[p] is the universal Hohenberg—Kohn functional,

Flp] = Tlp] + Veelpl, (2.2)

where
T [p] represents the electronic kinetic energy functional
Veelpl] the electron—electron interaction energy functional

The minimization of the total energy, subject to the condition that the total number of
electrons N is fixed,
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N= Jdrp(r), 2.3)

leads to an Euler-Lagrange equation of the form

SE SF
o <5p(r))v =t 8p(r)’ @9

where w, the Lagrange multiplier, is the chemical potential. The solution of this
equation leads to the ground-state density, from which one can determine the
ground-state energy.

The external potential [1] is responsible for keeping the electrons confined to a
region of space. For the case of an isolated molecule, the external potential is the
potential generated by its nuclei. When one considers the interaction between a molecule
and another species, then the external potential is the one generated by the nuclei of both
species, and it acts on all the electrons. However, when they are very far apart from each
other, since the electrons of both species are localized in, basically, separated regions,
then the external potential of each species may be assumed to be the one generated by its
own nuclei, and by the nuclei and the electrons of the other species.

The starting point of the DFT of chemical reactivity is the identification of
the concept of electronegativity, x, with the chemical potential, through the
relationship [7]

OF
m = <8_N> v: -X (25)

where the second equality corresponds to the definition of electronegativity given
by Iczkowski and Margrave [8] as a generalization of the definition of Mulliken [9],
and the first equality, established by Parr et al. [7], links the chemical potential of
DFT with the derivative of the energy with respect to the number of electrons.

The chemical potential of DFT measures the escaping tendency of the electrons
from a system [1]. That is, electrons flow from the regions with higher chemical potential
to the regions with lower chemical potential, up to the point in which u becomes
constant throughout the space. Thus, the chemical potential of DFT is equivalent to
the negative of the concept of electronegativity, and the principle of electronegativity
equalization [10,11] follows readily from this identification [1,7,12,13].

The next step is the identification of the concept of chemical hardness, 1, with
the second derivative of the energy with respect to the number of electrons, formu-
lated by Parr and Pearson [14]

B O’E _(On
1= (o), = (o), 20

The original definition was established as 1/2 of the second derivative; however, the
one given in Equation 2.6 is more convenient and it has become the most common
one in the recent literature.
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The identification given by Equation 2.6 is consistent with the hard and soft
acids and bases principle [12,15-21] established originally by Pearson [22] to
explain many aspects of Lewis acid—base chemistry.

It is important to mention that when one considers the derivative of a quantity at
constant external potential, it means that the changes in the quantity are analyzed for
a fixed position of the nuclei. These types of changes are known as vertical
differences, precisely because the nuclei positions are not allowed to relax to a
new position associated with a lower total energy.

Since the definitions given by Equations 2.5 and 2.6 require the energy to be well
defined for noninteger number of electrons and to be differentiable with respect to NV, let
us present first the extension of DFT to open systems that can exchange electrons with its
environment, developed by Perdew, Parr, Levy, and Balduz (PPLB) [23].

An open system with a fluctuating number of particles is described by an
ensemble or statistical mixture of pure states and the fractional electron number
may arise as a time average. Thus, let N, be an integer electron number, and N be an
average in the interval Ny <N < Ny + 1. In this case I" is an ensemble or statistical
mixture of the Ny -electron pure state with wave function ¥, and probability 1 — 7,
and the (Np+ 1)-electron pure state with wave function Wy,.; and probability 7,
where 0 <1< 1.

Now, PPLB showed, through a constrained search of the minimum energy over
all ensembles I yielding a given density and then over all densities integrating to a
given electron number, that the ground-state density and the ground-state energy for
the N electrons subject to the external potential v(r), are

Pn(r) = pp, (1) = (1 = T)py, (¥) + TPy, 11 (1), 2.7
and
Ey = Eynyyr = (1 — T)Ey, + TEN, 11, (2.8)

where py(r) and Ey, represent the ground-state density and the ground-state

energy of the No-electron system, while py ., (r) and Ey 41 correspond to the

(No + 1)-electron system, in both cases subject to the external potential v(r).
Integrating Equation 2.7 over the whole space leads to

N=(—7Ny+7No+1)=Ny+7. 2.9)

The relationship expressed in Equation 2.8 indicates that the total energy as a
function of the number of electrons is given by a series of straight lines connecting
the ground-state energies of the systems with integer number of electrons (see Figure
2.1). Thus, since the energy is a continuous function of the number of electrons, the
differentiation with respect to electron number is justified. However, it is clear from
Equation 2.8 that the first derivative will present discontinuities.

Finally, it is important to mention that the joined straight line structure has been
confirmed through arguments based on the size consistency of the energy without
invoking the grand canonical ensemble [24,25].
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FIGURE 2.1 Plot of the total energy as a function of the number of electrons. The solid
straight lines correspond to Equation 2.8, while the dashed curve corresponds to Equation 2.18.

2.3 DERIVATIVES OF THE ENERGY WITH RESPECT
TO THE NUMBER OF ELECTRONS

Let us first rewrite Equation 2.8 in the form

Eyyir — E,
Nt N — Engst — Eny = —A, (2.10)
.

and the equivalent of Equation 2.8 for the interval between Ny — 1 and N in the form

En, — Eny—
Mo~ 2T . N~ — By, — Eng—1 = —1, (2.11)
where [ and A are the vertical first ionization potential and the vertical electron
affinity, respectively. Note that the energy difference in the right-hand side of
Equations 2.10 and 2.11 is independent of 7. Thus, if one takes the limit 7 — 0
in Equations 2.10 and 2.11, then [23,26,27]

. Ey,r—Ey, OE\ "

i 22 (Gy) =B —En a0
and

. Eyny— Ey,—~ OE\ _

lim =" = (=] = =Ey, —Ey_1 = -1 2.1

iy P () =w = E - Eaa =L

where Equation 2.5 has been used.
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A very important consequence of the behavior of the energy as a function of the
number of electrons is that the left (u ™) and right (™) first derivatives are not equal.
From a chemical perspective, this differentiation with respect to charge addition or
charge removal is important, because, in general, one could expect that the chemical
species will respond differently to these two processes, and therefore the left
derivative u~ (response to charge removal) could be different from the right
derivative u " (response to charge addition).

Note that the arithmetic average of the one-sided derivatives

AN D |
(W)Vu =3 +uh) =S +A), (2.14)

corresponds to the definition of electronegativity given by Mulliken [9].

According to the results obtained for the first derivative, Equations 2.12 and
2.13, the second derivative, i.e., the hardness, is zero when evaluated from the left or
from the right, and it is not defined for integer number of electrons. However, Ayers
[25] has shown that if one makes use of the Heaviside step function

0, x<0,
O) = { L x>0, (2.15)
the chemical potential can be written in the form
pN = T+ Ot —pT), —1<x <1 (2.16)

Thus, since the derivative of the Heaviside function is the Dirac delta function,
(d®(x)/dx) = 8(x), taking the derivative in Equation 2.16 with respect to x, one finds,
using Equation 2.6, that the hardness is given by

™M = (ut — B = (I —AS(), —1<x<1, (2.17)

where Equations 2.12 and 2.13 have been used.

Up to this point, we have worked with the nonsmooth expression for the energy
that results from the ensemble extension to fractional electron numbers, and that has
been confirmed through the size consistency of the energy. However, in order to
incorporate the second-order effects associated with the charge transfer processes,
the most common approach has been to make use of a smooth quadratic interpolation
[14]. That is, with the two definitions given in Equations 2.5 and 2.6, the energy
change AF due to the electron transfer AN, when the external potential v(r) is kept
fixed, may be approximated through a second order Taylor series expansion of the
energy as a function of the number of electrons

1
AE = uAN + 3 N(AN)>. (2.18)



Chemical Reactivity Concepts in Density Functional Theory 13

The values of the two derivatives, u and 7, at the reference point Ny, may be approxi-
mated through this smooth quadratic interpolation between the points E(Ny — 1), E(Np)
and E(Ny+ 1), when combined with the two conditions, E(Ny— 1) — E(Ny) =1 and
E(Ng) — E(Ny+1)=A (see Figure 2.1). This procedure leads to the well-known
finite differences approximations

I+A

= Y~ 2.1

and
n=~I—A. (2.20)

A remarkable fact is that Equation 2.19 is the same as Equation 2.14, and Equation
2.20 is the same as Equation 2.17 if one ignores the Dirac delta function, although
Equations 2.14 and 2.17 result from the ensemble approach, while Equations 2.19
and 2.20 result from the smooth quadratic interpolation. Thus, the expressions given
by Equations 2.19 and 2.20 are fundamental to evaluate the chemical potential
(electronegativity) and the chemical hardness.

When the experimental values of / and A are known, one can determine through
these expressions the values of w and 7. Since for atoms and molecules, the trends
shown by these values of w and 7 are, in general, in line with those provided by
several empirical scales constructed intuitively by chemists, the identification of
these global DFT descriptors with their associated chemical concepts is strength-
ened. In other words, the quantity (/ + A)/2 shows, in general, the same behavior as
that of the electronegativity concept, while the quantity (/ —A) shows, also in
general, the same behavior as that of the chemical hardness concept.

Finally, it is important to mention that in the case of Equation 2.18 the energy
and its derivatives are continuous functions of the number of electrons around N, so
that a single value for u and a single value for 7 are used to describe charge transfer
processes. That is, the advantage of this procedure is to have well-defined first and
second derivatives and the disadvantage is that they are the same for charge addition
and for charge removal processes.

On the other hand, in the case of Equation 2.8, in spite of the mathematical
difficulties associated with the discontinuities, one has the advantage of being able to
differentiate the response of the system to charge donation from that corresponding
to charge acceptance.

2.4 DERIVATIVES OF THE ELECTRONIC DENSITY
WITH RESPECT TO THE NUMBER OF ELECTRONS

Let us consider now the response functions that arise when a chemical system is
perturbed through changes in the external potential. These quantities are very
important in the description of a chemical event, because for the early stages of
the interaction, when the species are far apart from each other, the change in the
external potential of one of them, at some point r, is the potential generated by the
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nuclei and electrons of the other one at that point, and vice versa. As a consequence,
the functional derivatives of the energy, the chemical potential, and the chemical
hardness, with respect to the external potential, provide information on the response
of a molecule to the presence of a reagent.

For the energy, one can make use of first-order perturbation theory for a non-
degenerate state. Thus, if the state W} is perturbed to the state ¥, = W9 + W, by the
one-electron perturbation AV = >".8v(r;), the energy change to first order is [1]

SE=E} = deN\IrQAV\IrQ = Jdrp(r)Sv(r), (2.21)

so that, according to the definition of functional derivative, one has that

OE
(5v(r)>N: p(r). (2.22)
For the chemical potential [28] and the chemical hardness [29,30] one finds that
du \ _ (Op)\ _
() (e e
and
én \ _ (Pp)\ _
(6v(r)>N_ < N2 V_ Af(r), (2.24)

through the use of Equations 2.5, 2.6, and 2.22. The function f{r) is known as the
Fukui function, and the function Af(r) is known as the dual descriptor. From
Equation 2.3 one has

Jdrf(r) =1, (2.25)
and
JdrAf(r) =0. (2.26)

It is important to mention that the chemical potential and the hardness, w and 7, are
global-type response functions that characterize the molecule as a whole, while
the electronic density p(r), the Fukui function f{(r), and the dual descriptor Af(r)
are local-type response functions whose values depend upon the position within the
molecule.

Now, let us rewrite Equation 2.7 in the form

Py (1) — pp, (1)

- = Py +1(1) — py, (1), (2.27)
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and the equivalent of Equation 2.7 for the interval between Ny— 1 and Ny in
the form

P, (1) — Py, —7(T)

- = P (1) = Py—1(0). (2.28)

Note that again, as in the case of the energy, the densities’ difference in the right-hand
side of Equations 2.27 and 2.28 is independent of 7. Thus, if one takes the limit 7 — 0
in Equations 2.27 and 2.28, then [31,32]

P — P (D)

lm Pyt k () ( g;\?)v — ) = oy () — py, (. (2.29)
and

) (r) — py,_-(r) 0 -

im P, (¥ TPNO n_ ( g](;)>v — ) = py(®) — pay (), (2.30)

where Equation 2.23 has been used. The relationships given by Equations 2.29 and
2.30 are notable in the sense that for the exact DFT, the finite differences lead to the
exact Fukui functions.

The Fukui function /™ (r) corresponds to the case in which the system donates
charge, because it is interacting with an electrophilic reagent, while the Fukui
function £ (r) corresponds to the case in which the system accepts charge, because
it is interacting with a nucleophilic reagent. In the case in which the system is
interacting with a neutral (or radical) reactant, the arithmetic average of the one-
sided derivatives seems to be a good approximation [28], that is,

Ipm\° 1
£ = ( . (r)) =5 @+ ) =5 (oy1® = i) 23D

1
ON /, 2
In Equations 2.29 through 2.31, py, ((r), pn,(r), and py,,(r) are the electronic
densities of the Ny — 1-, Ny-, and N, + 1-electron systems, calculated for the external
potential of the ground-state of the Ny-electron system.

A remarkable fact about the interpretation of the Fukui function [31] is that the
most stable way to distribute the additional charge AN in a molecule is given by the
product AN f*(r), while the most stable way to remove the charge AN from a
molecule is given by the product ANf (r). This means that a molecule accepts
charge at the regions where f*(r) is large and it donates charge from the regions
where f(r) is large. Thus, the Fukui functions provide information about the site
reactivity within a molecule.

A common simplification of the Fukui function is to condense its values to
individual atoms in the molecule [33]. That is, through the use of a particular
population analysis, one can determine the number of electrons associated with
every atom in the molecule. The condensed Fukui functions is then determined
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through a finite differences approach, so that for the kth atom in the molecule A one
has that

Sar = Nak(No) — Nax(No — 1), for electrophilic attack, (2.32)

i = Nax(Wo + 1) — Nax(No), for nucleophilic attack, (2.33)

and

1
fak :E(f/;k +fax)

1
=5 (Nag(No + 1) — Nax(No — 1)), for neutral (or radical) attack.  (2.34)

In these relationships Nap(Ng — 1), Nar(Ng), and Nap(No+ 1) are the number of
electrons associated with the kth atom in the molecule A, when the total number
of electrons in the molecule is Ng— 1, Ny, and Ny+ 1 electrons, respectively. The
calculation of the Ny — 1- and the N + 1-electron system is done at the ground-state
geometry of the Ny-electron system.

For the second derivative of the electronic density with respect to the number of
electrons, the dual descriptor, one can proceed as in the case of the energy. That is,
the Fukui function using the Heaviside function [25] is written as

f(N“H)(r) =f )+OWFT ) —f(r), —-1<x<1. (2.35)

Then, taking the derivative in Equation 2.35 with respect to x, one finds, using
Equation 2.24, that the dual descriptor is given by

Af(No+x)(r) _ (f+(l') —f’(r))(‘i(x), -1 <x<1. (2.36)

Now, as in the case of the energy, up to this point, we have worked with the
nonsmooth expression for the electronic density. However, in order to incorporate
the second-order effects associated with the charge transfer processes, one can make
use of a smooth quadratic interpolation. That is, with the two definitions given in
Equations 2.23 and 2.24, the electronic density change Ap(r) due to the electron
transfer AN, when the external potential v(r) is kept fixed, may be approximated
through a second-order Taylor series expansion of the electronic density as a
function of the number of electrons,

Ap(r) = (AN + S AFFIANY 2.37)

The values of the two derivatives, f°(r) and Af(r), at the reference point N,
may be approximated through this smooth quadratic interpolation between the
points py,_;(r), pn,(r), and py, (r), when combined with the two conditions,
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f@®)=ppn,(r)—py,_(r) and f )= Py +1(T) — pu, (). This procedure leads to Equa-
tion 2.31 for f 0(r) and to

Af(r) =fH(r) = f(r). (2.38)

Through a similar procedure, one finds that for the condensed dual descriptor

Afak = fax — far: (2.39)

From the interpretation given to the Fukui function, one can note that the sign of the
dual descriptor is very important to characterize the reactivity of a site within a
molecule toward a nucleophilic or an electrophilic attack [29,30]. That is, if
Af(r) >0, then the site is favored for a nucleophilic attack, whereas if Af(r) <0,
then the site may be favored for an electrophilic attack.

2.5 DERIVATIVES IN AN ORBITAL LANGUAGE

Up to this point, we have established general expressions for the derivatives of the
energy and density with respect to the number of electrons. These general expres-
sions require basically the knowledge of the total energy and the electronic density of
the reference system and its corresponding cation and anion. Consequently, one can
make use of any molecular electronic structure method to calculate these quantities,
from which one can determine the DFT reactivity criteria. However, it is important
to analyze these quantities through an orbital language in order to establish their
relationship with orbital concepts.

Thus, let us consider first the KS approach [34] in which the spin—orbitals ¢,(r)
are self-consistent solutions of the equations

[—%Vz + vs<r>] U(F) = et (o), (2.40)
with
_ 8JIpl SExclpl
vs(r) = v(r) + Sp(r) Spr) (2.41)
where

Jlp]l = %[ [drdr'p(r)p(r’)/|r — r'| is the classical Coulomb energy
Exclp] is the exchange-correlation energy functional

The electronic density is given by

pr) = milih (), (2.42)

i
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where the occupation numbers n; equals 1 for all the spin—orbitals up to Ny, and
equals O for all the spin—orbitals above Nj.

PPLB showed that for a nondegenerate ground state, if n; equals 1 for all the
spin—orbitals below N, equals O for all the spin—orbitals above N,, and equals 7 for
the spin—orbital corresponding to Ny, then [23,26,27]

no = éen,No) = —Iy, = E(No) —E(No — 1), No—1<N <Ny, (2.43)

while for the case corresponding to a fractional occupation 7 in the Ny+ 1 spin—
orbital,

w=engr1iWNo + 1) = —Ay, = EWNo + 1) — EMNo), No <N <No+1, (2.44)

where Equations 2.12 and 2.13 have been used. Thus, from Equations 2.43 and 2.44
one has

In, — Ay, = 1+ — = = enpi(No + 1) — 3, (No) (2.45)

or, adding and subtracting &y,+1(No),

Iy, — An, = eng+1(No) — &n,(No) + Axc, (2.46)

where Axc is the discontinuity of the exact exchange correlation potential,

Axc = eny+1(No + 1) — eny+1(No). (2.47)

Since &y,11(No) and &y, (No) are the eigenvalues of the lowest unoccupied molecular
spin—orbital (LUMO), ¢, and the highest occupied molecular spin—orbital (HOMO),
&p, respectively, it is clear that their difference cannot be identified directly with the
chemical hardness, expressed as Iy, — Ay, because it must be corrected by the
discontinuity Axc. Besides, common approximations to the exchange-correlation
potential [1,35] such as the local density approximation (LDA) or the generalized
gradient approximation (GGA), which are continuum functionals and do no exhibit
the derivative discontinuity, approximately average over it in the energetically
important regions where electrons are concentrated. However, they fail to do so
asymptotically [36-38]. This behavior leads to a good description of the electronic
density and the total energy, but a poor description of the KS eigenvalue spectrum.

Thus, in these cases, the calculation of the chemical potential (electronegativity)
and the chemical hardness through the values of / and A is accurate when it is done
through energy differences, but it is poorly described when it is done through the KS
eigenvalues.

Nevertheless, it is important to mention that from a qualitative viewpoint, the
approximations

1
p=—x=z(eL+en) (2.48)
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and
N~ &L — &u, (2.49)

are conceptually very important and useful to understand many aspects of chemical
reactivity.

Now, the Fukui function is closely related to the frontier orbitals. This can be
seen from Equations 2.29 and 2.30, together with Equation 2.42, because if one
determines the electron densities of the Ny — 1- and the Ny + 1-electron systems with
the orbitals set corresponding to the Ny-electron system, then

) py@) and f(r) = py(r), (2.50)

and

AF(F) ~ py () — py (), 2.51)

where py(r) and p; (r) are the densities of the highest occupied and lowest unoccu-
pied molecular orbitals, respectively. However, one can see that the Fukui function,
in contrast with frontier orbital theory, includes the orbital relaxation effects associ-
ated with electron addition or removal and the electron correlation effects. In some
cases, these effects are very important. Nevertheless, again, from a qualitative
viewpoint, the approximations given by Equations 2.50 and 2.51, together with the
condensed version of these expressions for a Mulliken-like population analysis [39],
are conceptually very important and useful to understand many aspects of chemical
reactivity.

Finally, it is important to mention that in the case of the HF method, the
calculation of the chemical potential and the hardness, through energy differences,
to determine / and A, leads, in general, to a worst description than in the KS
approach, because the correlation energy is rather important, particularly for the
description of the anions. However, the HF frontier eigenvalues provide, in general,
a better description of w and m, through Equations 2.48 and 2.49, because they lie
closer to the values of — I and — A than the LDA- or GGA-KS values, as established
by Koopmans’ theorem.

On the other hand, the calculation of the Fukui function with the HF frontier
orbitals is, in general, qualitatively very similar to the one obtained through KS
orbitals. However, there may be cases where the absence of correlation effects in HF
may lead to large differences with respect to the KS description.

2.6 CONCLUDING REMARKS

In the preceding sections, we have analyzed the derivatives of the energy and of
the density with respect to the number of electrons. The former is identified with
the concepts of chemical potential (electronegativity) and hardness and measure the
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global response of a chemical species to changes in the number of electrons since
they are independent of the position. The latter give rise to the concepts of the Fukui
function and the dual descriptor and measure the local response of the chemical
potential and the hardness to changes in the external potential, since they depend on
the position.

The usual way to make use of these concepts to describe the inherent chemical
reactivity of a molecule is, in general, through a second-order Taylor series expan-
sions of the energy as a function of the number of electrons N and the external
potential v(r), around the reference state that corresponds to that of the isolated
species [40]. Thus, on one hand, there will be terms associated with the chemical
potential and the chemical hardness that will give information on the global behavior
of the chemical species as a whole. On the other hand, there will be terms corre-
sponding to integrals over the whole space involving the Fukui function or the dual
descriptor. In this case, the values of these integrals will have a strong dependence on
the overlap between these local reactivity descriptors and the change in the external
potential (the potential generated by the nuclei and electrons of the reagent). Con-
sequently, the Fukui function and the dual descriptor provide information on site
selectivity [29,30,41-43].

Although we have concentrated in this chapter on the derivatives of the energy
and density, there are other chemically meaningful concepts that can be derived from
the ones presented here [44-46]. Among these, the chemical softness, the inverse of
the chemical hardness, and the local softness [47,48] have proven to be quite useful
to explain intermolecular reactivity trends.

Also, it is interesting to note that in the smooth quadratic interpolation, the curve
of the total energy as a function of the number of electrons shows a minimum for
some value of N beyond N, (see Figure 2.1). This point has been associated by Parr
et al. [49] with the electrophilicity index that measures the energy change of an
electrophile when it becomes saturated with electrons. Together with this global
quantity, the philicity concept of Chattaraj et al. [5S0,51] has been extensively used to
study a wide variety of different chemical reactivity problems.

As already mentioned, through DFT, it has been possible to explain the electro-
negativity equalization principle [1,7,10-13] and the hard and soft acids and bases
principle [12,15-22] and, additionally, it has also been possible to introduce new
ones like the maximum hardness principle [52,53] and the local hard and soft acids
and bases principle [20,54-56].

In conclusion, the reactivity concepts that emerge from DFT provide a concep-
tually simple, but at the same time, chemically meaningful framework to explain the
behavior of a wide variety of systems. In this chapter, we have analyzed some of the
fundamental aspects required to understand its basis.
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The concept of valence and bonding are central to chemistry and helps to understand
molecular structure and reactivity in a systematic way. The principles that govern the
formation of molecules from atoms and intermolecular interactions are of paramount
interest and have attracted much attention. Initially it was believed that certain types of
chemical species were joined together by means of chemical affinity to form a
chemical bond. A clear concept of a chemical bond emerged only after Lewis
introduced the concept of electron pair bond in his landmark paper in 1916 [1] and
his ideas continue to dominate a chemist’s perception toward chemical bonding and
molecular structure. The theory of chemical bonding has received considerable
attention ever since and several theories have been put forward to understand the
nature of atoms and how atoms come together to form molecules, followed by the
Lewis theory of paired electron bond [2-9]. Linus Pauling, in his highly influential
book The Nature of the Chemical Bond, has orchestrated rules for the shared electron-
bond on the basis of electron paired bond on which the valence bond (VB) theory was
built [2]. This chapter aims to introduce chemical bonding at the molecular and
supramolecular levels starting from the Lewis concept. Early ideas are presented as
a historical note and the development of chemical bonding models after the advent of
quantum mechanics are described in a logical way. The importance and computation
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of electron correlation are discussed and then various kinds of noncovalent inter-
actions are outlined quoting a few standard examples. This will form a basis on how
the early concepts, which are mostly wave function based, describe bonding and
reactivity in greater detail. This would naturally be a prelude to understand reactivity
from density functional theory (DFT) point of view.

3.1 QUANTUM MECHANICAL TREATMENT
OF CHEMICAL BONDING

A rigorous mathematical formalism of chemical bonding is possible only through the
quantum mechanical treatment of molecules. However, obtaining analytical solu-
tions for the Schrodinger wave equation is not possible even for the simplest systems
with more than one electron and as a result attempts have been made to obtain
approximate solutions; a series of approximations have been introduced. As a first
step, the Born—Oppenheimer approximation has been invoked, which allows us to
treat the electronic and nuclear motions separately. In solving the electronic part,
mainly two formalisms, VB and molecular orbital (MO), have been in use and they
are described below. Both are wave function-based methods. The wave function U is
the fundamental descriptor in quantum mechanics but it is not physically measurable.
The squared value of the wave function |¥|*dr represents probability of finding an
electron in the volume element dr.

Heilter and London made the first quantum mechanical treatment of a chemical
bond in 1927 [10] and their ideas have laid the foundations for the general theory of
chemical bonding known as VB theory, with seminal contributions from London and
Pauling. In contrast to the two-electron wave functions in the VB theory, a mathemat-
ically elegant formalism based on the one-electron wave function, MO theory, has
been introduced and developed parallelly by Lennard-Jones in 1929, which was
refined and applied to a large number of systems by Mulliken and Hund. VB and
MO theories have become two alternatives to explain chemical bonding. While VB
theory [11] is chemically intuitive and is primarily responsible for the understanding
of chemical concepts based on lone pairs and bond pairs, MO theory [12] has been
highly successful in predicting spectroscopic properties and more importantly the MO
wave functions are orthogonal and follow the group theoretical principles. All these
lead to the emergence of MO theory as the method of choice over VB theory during the
second half of the twentieth century and the position of MO has further consolidated
upon the arrival of computers and quantum mechanical programs. With increasing
computer power, the computationally attractive orthogonal MO formalism has
become much more tractable on medium-sized molecules, while the progress in VB
is restricted due to the technical bottlenecks in the implementation of the formalism.

VB and MO theories can be applied to simple molecular systems as follows.
According to VB theory, if ¢, and ¢, are wave functions of independent systems a
and b then the total wave function ¢ and total energy E are written as follows:

U= @0, 3.1
E=E, + E (3.2)
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If 1, Y, 3, ... are acceptable wave functions for the system, then according to the
principle of superposition the true wave function ¥ could be expanded as the linear
combination of them:

WV =c1y + oy + Pz + - (3.3)
For example, for the hydrogen molecule,
P = 1sa(1)1sp(2) (3.4
where
a and b denote the atoms
1 and 2 represent the electrons
Particle indistinguishability allows that the product ¢, = 1s,(2) 1s,(1) is also equally

acceptable.
Therefore, the true wave function can be written as

= ci1s,(1)18p(2) + c2154(2)1sp(1) (3.5

In hydrogen molecule, because of symmetry the component wave functions 1s,(1)
Isp(2) and 1s,(2) 1sp(1) contribute with equal weight:

= c11sa(1)1sp(2) + c21sa(2)1sp(1) (3.6)
ci=c and ¢ =+c (3.7)

s = Isa(1)1sp(2) + Isa(2)1sp(1) (3.8)
P, = 18a(D1sp(2) — 1sa(2)1sp(1) (3.9)

while
i, represents a bonding state
Y, corresponds to the antibonding or repulsive state (Figure 3.1)

The curve | exhibits a minimum but the stabilization is not significant. It should be
noted that when electrons are allowed to interchange, there is a substantial stabiliza-
tion, which comes from exchange interaction as a consequence of particle indis-
tinguishability. Bonding energy explained using i is still substantially above the
experimental value and this indicates that the wave function should be improved
further. One way to improve the wave function is considering the admixture of other
electron configurations, such as ionic structures

y = Isa(1)18,(2) - -~ HyHE (3.10)
g = Isp(D1sp(2) - - HAHg (3.11)
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FIGURE 3.1 VB potential energy for H, molecule.

Again owing to the symmetry, i3 and i, are virtually identical and thus are equally
probable. Now the total wave function including ionic contribution is written as

s = Weovalent + Aionic (3.12)

where
Weovatent = 18a(1)185(2) + 1s2(2)1sp(1) (3.13)
Yionic = 18a(1)15a(2) + Isp(1)1s5(2) (3.14)

and A is a measure of contribution of ionic structures. Obviously, inclusion of ionic
structures has led to further stabilization of the bonding state, which is known as the
resonance stabilization energy (Figure 3.1).

The total wave function is a product of orbital (space) and spin wave functions.
In a two-electron system like the H, molecule, the possible spin wave functions are
a(Da(2), B(1)B(2), a(1)B(2), and a(2)B(1). The first two spin states represent the
parallel spin and the last two antiparallel spins. Particle indistinguishability forces the
linear combination 1/ V2 (a(1)B(2) £ a(2)B(1)). Here the functions a(1)a(2), B(1)B(2),
and 1/v/2(a(1)B(2) + a(2)B(1)) represent the triplet state and 1/v/2(a(1)B(2)—
a(2)B(1)) represent the singlet state. An H, molecule is a closed shell system and will
have a singlet multiplicity in the ground state. Further improvement on the VB wave
function has been done by allowing the orbital exponent to change when atoms approach
during the bond formation. Though the VB theory successfully explained bonding in
molecules, it has some drawbacks. A major bottleneck is that the localized VB wave
functions are not orthonormal, thus leading to complicated equations. The impact of
VB declined greatly as the MO theory introduced by Lennard-Jones in 1929 became
much popular. It is quite interesting to see that the practitioners of the alternative
formalisms MO and VB are more at loggerheads than in harmony [13].
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The MO theory differs greatly from the VB approach and the basic MO theory is
an extension of the atomic structure theory to molecular regime. MOs are delocalized
over the nuclear framework and have led to equations, which are computationally
tractable. At the heart of the MO approach lies the linear combination of atomic
orbitals (LCAQO) formalism

Y= _aip, (3.15)

Suppose atoms a and b form a molecule and their atomic orbitals are ¢, and ¢y,
respectively, then

Unmo = Ca®p + Co@y (3.16)

The combining orbitals should lie closer in energy and have same symmetry with
optimal overlap in space. The positive overlap leads to bonding, negative overlap to
antibonding, and zero overlap to nonbonding situations. The MOs are arranged in
ascending order of energy and electrons are fed into their following Pauli and Aufbau
principles. For example, the MOs of hydrogen molecule can be written as

Unmo = Calsa + cplsy 3.17)

Because of the symmetry ¢ = ¢i; ¢, = o

P, = sy + 1sp (3.18)
W, = s, — 1sy (3.19)

where s, and i, represent bonding and antibonding states. They are also referred to as
Iso, and 1so states. The ground state electron configuration of the hydrogen molecule
is lsoé. The ground state wave function of the hydrogen molecule in Slater determinant
form is as follows:

1 Isog(l)  180,(1)

"'_\ﬁ 1sa§(2) 1§g§(2) (3.20)
1
V2

and this corresponds to the singlet state of H, where the spin part of the wave function
is antisymmetric with respect to electronic interchange and the space part is a sym-
metric combination of 1s, and 1s;,. The contribution of covalent and ionic terms to the
wave function can be understood by expanding the space part of its wave function

Pno = 150y (1) 1s073(2) —= (18, — Bra2) (3.21)

P = {1sa(1) + Isp(1) }{184(2) + 1sp(2) }
= {153(1)1&,(2) + ISa(Z)ISb(l)} + {lsa(l)lsa(Z) + 1Sb(1)1Sb(2)}
= Yeovatent T Pionic (3.22)
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FIGURE 3.2 MO diagram: Formation of chemical bonds due to overlap of orbitals. (a)
o-bonding: A result of overlapping s-orbitals. (b) o- and w-bonding: A result of overlapping
p-orbitals. (c) o-, -, and 8-bonding: A result of overlapping d-orbitals.

The method of generating MOs from LCAOs has been proved to be quite useful in
establishing the relationship between the atoms and molecules from an electronic
structure point of view. The ways in which s, p, and d orbitals interact with each
other to form MOs of various symmetry kinds such as o, , and & are depicted in
Figure 3.2a through 3.2c, respectively.

It is also possible that orbitals of different kinds on the two atomic centers such
as s-p_, pz-df, d,.-p., etc. can combine to generate the MO for the diatomic molecules.
As the one-center atomic orbitals are not orthogonal in molecules, for the depiction of
electronic structure, the concept of hybridization is quite useful.

MO wave functions in the above form give equal importance to covalent and
ionic structures, which is unrealistic in homonuclear diatomic molecules like H,. This
should be contrasted with {ryg, which in its simple form neglects the ionic contribu-
tions. Both ¢/yg and o are inadequate in their simplest forms; while in the VB
theory the electron correlation is overemphasized, simple MO theory totally neglects
it giving equal importance to covalent and ionic structures. Therefore neither of them
is able to predict binding energies closer to experiment. The MO theory could be
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improved through configuration interaction (CI). Excitation of one or more electrons
could be done from occupied levels to unoccupied ones and several singly, doubly,
and multiply occupied “‘configurations” can be generated. MO wave functions could
be improved by incorporating Slater determinants corresponding to such excited
configurations. In the hydrogen molecule case, doubly excited configurations have
proper symmetry to interact with ground state configuration and stabilize the bonding
state. Physically, inclusion of such electronic configurations, which belong to the
exited state leads, by populating antibonding orbitals, which results in the depletion of
electron density in the internuclear region. Therefore, although VB and MO theories
appear to represent two extremes in treating electron correlation, improvements in
their procedures lead to convergence and binding energies very close to experiment.

Due to the simplicity and the ability to explain the spectroscopic and excited
state properties, the MO theory in addition to easy adaptability for modern computers
has gained tremendous popularity among chemists. The concept of directed valence,
based on the principle of maximum overlap and valence shell electron pair repulsion
theory (VSEPR), has successfully explained the molecular geometries and bonding
in polyatomic molecules.

MO theories for polyatomic molecules could be broadly classified into two,
based on the rigor. They are electron-independent or non self-consistent field (SCF)
and electron-dependent or SCF methods. Electron-independent theories do not consider
electron—electron interaction explicitly and they include Hiickel [12,14] and the
extended Hiickel theory [15]. While the former considers only 7 basis, the latter takes
into account all valence basis. They involve many approximations and parameteri-
zations. Approximations are mathematical neglect and parameterization means
replacing certain integrals through parameters derived from experiment. SCF methods
iteratively solve many-electron Schrédinger wave equations in matrix form based on
Hartree—Fock (HF) theory. They are either called ab initio method when the Fock matrix
is constructed from first principles and semiempirical when certain approximations are
invoked and parameters introduced. In recent years, density-based methods are gaining
popularity due to the considerable time advantage and conceptual simplicity. The
following chapters deal with this subject in sufficient detail.

3.2 ELECTRON CORRELATION

The HF method does not consider the instantaneous electrostatic interactions, but it
treats the interaction of one electron with the average field due to the other electrons.
Thus the correlated motions of electrons are neglected and as a consequence HF
energies are always higher than the exact energy of the system. The difference
between the exact and HF energies is defined as the correlation energy. It may be
noted that exchange correlation, which says that two electrons of same spin cannot
occupy a single orbital, is already included in the HF theory. Inclusion of electron
correlation is necessary for the reliable description of structure and properties of
molecules, and therefore the development of post-HF methods have been
of paramount importance. The following procedures are available to improve the
HF-SCF theory, which includes the correlation energy: (1) CI, (2) many-body
perturbation theory (MBPT), and (3) coupled cluster (CC) theory.
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u (1) uy(1) weu,(1)

u(2) e u,(2)
Slater determinant = D = \/7 u;(3)

w(n)  uy(n) uz(n) ... wu,(n)

FIGURE 3.3 Slater determinant. The spin—orbital u is the product of orbital () and spin
(0= a/PB) functions.

It is possible to divide electron correlation as dynamic and nondynamic correl-
ations. Dynamic correlation is associated with instant correlation between electrons
occupying the same spatial orbitals and the nondynamic correlation is associated
with the electrons avoiding each other by occupying different spatial orbitals.
Thus, the ground state electronic wave function cannot be described with a single
Slater determinant (Figure 3.3) and multiconfiguration self-consistent field (MCSCF)
procedures are necessary to include dynamic electron correlation.

However, in a large number of closed shell molecules, a single Slater determin-
ant describes the ground state wave function fairly accurately. Even in such cases
inclusion of excited state configuration results in substantial lowering of total
electronic energy, and this is referred to as nondynamic electron correlation.

3.2.1 CONFIGURATION INTERACTION

HF method determines the energetically best determinantal trial wave function (¢)
and this would be improved further by including more “configurations.” Let ¢, be
represented as

d)O = |d’l¢2"'¢a¢b"'¢n| (323)

where ¢, ¢, are occupied spin orbitals. Excited configuration could be generated by
promoting electron from occupied orbitals to virtual orbitals as follows:

Oy = 1b2 By b (3.24)
= [0102 by b (3.25)
where ¢” and ¢ represent singly, doubly excited configurations, respectively. In a

similar way, any multiply excited configuration could be generated and used. Here
the multideterminantel wave function could be written as

e = aopur + Z“SQDS + ZCZD‘PD + ZGTQDT +oF Zai%’ (3.26)
S D T i=0

S, D, and T stand for singly, doubly, and triply excited states relative to the HF
configuration.
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3.3 MULTICONFIGURATION SELF-CONSISTENT FIELD

In the multiconfiguration SCF, the MOs are used for constructing the determinants
and the coefficients were optimized by the variational principle. The MCSCF optimi-
zation is iterative like SCF the procedure, where the iterations required for achieving
convergence tend to increase with the number of configurations included. The major
problem with MCSCF method is selecting the configurations that are necessary to
include for the property of interest. One of the most popular approaches in this theory
is the complete active space self-consistent field method (CASSCF). The selection of
configuration is performed by partitioning the MOs into active and inactive spaces.
The active MOs will have some of the highly occupied and some of the lowest
unoccupied MOs from an RHF calculation. However, the highly stable orbitals as
well as the very high lying virtual orbitals, which are not part of the active space, are
referred to as inactive orbitals. Thus, the inactive orbitals are either doubly occupied
or completely unoccupied in all the excitations that are considered.

3.4 MANY-BODY PERTURBATION THEORY

The perturbation method is a unique method to determine the correlation energy of
the system. Here the Hamiltonian operator consists of two parts, Hy and H', where H,,
is the unperturbed Hamiltonian and H' is the perturbation term. The perturbation
method always gives corrections to the solutions to various orders. The Hamiltonian
for the perturbed system is

H = Hy+ AH' (3.27)
where A is a parameter determining the strength of the perturbation.

Hop; =E¢; i=0,1,2,...,00 (3.28)

The solution of the unperturbed Hamiltonian operator forms a complete orthonormal
set. The perturbed Schrodinger equation is given by

Hy =Wy (3.29)
If A=0, then H=H,, y =¢,, and W=E,. As the perturbation is increased from

zero to a finite value, the energy and wave function also change continuously and can
be written as a Taylor expansion in the power of the perturbation parameter \:

W =AWy + AW, +2Wo + AW 4 - - (3.30)
Br= A% + XNy + N2y + A+ (3.31)
Y1, U, ..., and Wy, W,,..., are first- and second-order corrections to the wave

function and energies.
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3.5 COUPLED CLUSTER THEORY
The CC method was developed for the system of interacting particles. The basic

(3.32)

equation for this theory is
T
Y =e g

where
i is the ground state molecular electronic wave function
¢y is the normalized ground state HF wave function

e" is defined by the Taylor series as
.7 X, Tk
T —
e :1+T+§+§+"'—kio ! (3.33)
(3.34)

The cluster operator 7 is defined as
T=T1+T,+T3+ - +T,

where
n is the total number of electrons
various T are the excitation operators
The one-particle excitation operator 7, and the two-particle excitation operator 75

are defined by
occ  vir
(3.35)

Ty = Z Z 1 df
occ  vir
Tigo =) D 1/ (3.36)
i<j a<b

where
¢! is a singly excited Slater determinant
t{' is a numerical coefficient
fb is a Slater determinant with the occupied spin-orbitals
t;}g is a numerical coefficient

The trial wave functions of a Schrédinger equation are expressed as determinant of
the HF orbitals. This will give coupled nonlinear equations. The amplitudes were

solved usually by some iteration techniques so the cc energy is computed as
(3.37)

<¢0\H|€T¢o> = Ecc



Quantum Chemistry of Bonding and Interactions 33

The cc correlation energy is determined by the single and double amplitudes and the
two-electron MO integrals. However, the recent progress in computational methods
is largely influenced by DFT. One primary advantage of DFT over conventional HF-
SCF procedures is that the former includes electron correlation fairly adequately
(some times too much) at a fractional cost compared to a typical post-SCF (CI,
MBPT, or CC) calculation.

3.6 INTERMOLECULAR INTERACTIONS

Having understood the formation of molecules from atoms through chemical bonds,
it is important to understand the molecular aggregation and their relationship to
materials. Conventionally, intermolecular interactions, also known as noncovalent or
nonbonded interactions, are weak and it is assumed that the change in the geometric
and electronic structures of the individual components is minimum during the
complex formation. Obviously, hydrogen bonding is the most important and elab-
orately studied nonbonded interactions [16,17]. Figure 3.4 depicts a couple of
examples of dimers, which are bound through nonbonded interactions. Such inter-
actions play a pivotal role in determining the structure, stability, and dynamics of
biological systems such as proteins and DNA and thus the accurate theoretical
description of these interactions is of critical importance [18-20].

Noncovalent interactions operate at larger internuclear distances of several ang-
stroms. The formation of a covalent bond requires overlapping of partially occupied
orbitals of interacting atoms, which share a pair of electrons. In noncovalent inter-
actions, no overlapping is necessary because the attraction comes from the electrical
properties of the building blocks. Noncovalent or van der Waals interactions were first
recognized by J. D. van der Waals in the nineteenth century. Their role in nature has
been unraveled only during the past three to four decades.

The noncovalent interactions or van der Waals forces involved in supramolecular
entities may be a combination of several interactions, e.g., ion-pairing, hydrophobic,
hydrogen bonding, cation—m, m—m interactions, etc. They comprise interactions
between permanent multipoles, between a permanent multipole and an induced
multipole, and between a time-variable multipole and an induced multipole.

FIGURE 3.4 (See color insert following page 302.) The prototypical noncovalent inter-
actions between (a) water dimer, (b) Ar dimer, and (c) benzene dimer.

(@)
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The stabilizing energy of noncovalent complexes is generally said to consist of
the following energy contributions: electrostatic (or coulombic), induction, charge
transfer (CT), and dispersion. These terms are basically attractive terms. The repul-
sive contribution, which is called exchange repulsion, prevents the subsystems from
drawing too close. The term induction refers to general ability of charged molecules
to polarize neighboring species, and dispersion (London) interaction results from the
interactions between fluctuating multipoles. In charge transfer (CT) interactions,
the electron flow from the donor to the acceptor is indicated. The term van der
Waals (vdW) forces is frequently used to describe dispersion and exchange repulsion
contributions, but sometimes other long-range contributions are also included in the
definition. The vdW energy is calculated by the following equation:

Euaw(r) = &[(ro/r)'* = 2(ro /7] (3.38)

where
r is the current distance between atoms
1o is the equilibrium distance
¢ is the minimum energy

All of these interactions involve a host and a guest as well as their surroundings
like solvation, crystal lattice, and gas phase. Electrostatic interactions are the driving
force behind the ion pairing (ion—ion, ion—dipole, dipole—dipole, etc.) interactions,
which are undeniably important in natural and supramolecular systems. The electro-
static interaction energy E is given by

_ q192
&er

E (3.39)

where
q1, q» are the charges
r the distance between the two
¢ is the dielectric coefficient

Ion—ion interactions are between two oppositely charged particles and because of
the electrostatic force between them, they stick together and a considerable amount
of energy will be required to separate them. They form an ion pair, a new particle,
which has a positively charged area and a negatively charged area. There are fairly
strong interactions between these ion pairs and free ions, so that these clusters tend to
grow, and they will eventually fall out of the gas phase as a liquid or solid
(depending on the temperature). The presence of these interactions plays a crucial
role in the transportation of ions through ion-channels in biochemical pathways. An
ion—dipole force is an attractive force that results from the electrostatic attraction
between an ion and a neutral molecule that has a dipole. They are most commonly
found in solutions, and especially important for solutions of ionic compounds in
polar liquids. Various methods have been put forward to understand the role of
electrostatics in a variety of molecules.
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Charges are heavily delocalized in organic ions, which complicate the theor-
etical analysis of ion pairing. Between neutral polar molecules the electrostatic
contributions comes mostly from dipole—dipole interactions. Perhaps van der
Waals interactions are the most important class of dipole—dipole interactions where
one or both molecules do not have a permanent dipole. These interactions are valid
for any two atoms that come into close contact with each other, and are called van
der Waals interactions. Another very important noncovalent interaction is the hydro-
phobic interaction. As the term hydrophobic suggests, this interaction is an effective
interaction between two nonpolar molecules that tend to avoid water and, as a result,
prefer to cluster around each other.

While the qualitative understanding of the nonbonded interactions is well estab-
lished, quantitative evaluation of their interaction strength and other properties are
very challenging. As the very presence of several biological systems and supramo-
lecular assemblies are due to the presence of the nonbonded interactions, clearly the
quest to unravel their structure and energetics are of great importance. Virtually all
quantum chemical calculations computing the interaction energy between two non-
covalently bound molecules is based on ab initio MO theory. One noteworthy
development is to employ methods, which delineate the composition of various
components, such as electrostatic, polarization, and other terms, to the total inter-
action energy, a procedure known as energy decomposition analysis. It started with
an interesting paper by Morokuma in 1971 [21] and later several ingenious ways in
which the contributions of various components to the total interaction energy is
calculated were developed. In recent years, there is a heightened activity in gauging
the effect of basis set superposition error [22], electron correlation, and cooperativity
[23] (nonadditivity of the interaction strengths) among various nonbonded inter-
actions. In addition to the energy decomposition analysis, the natural bond order
(NBO) analysis [24] and the evaluation of the electron density distributions through
atoms in molecules (AIM) theory [25] are also employed to probe into the nature of
the noncovalent interactions. Several studies are reported in the literature, where the
hydrogen bonding and van der Waals interactions are characterized using the AIM
theory.

Ab initio MO based methods have played a pivotal role in qualitatively and
quantitatively understanding covalent and noncovalent interactions in chemistry.
These methods form the basis for modeling chemical and biological reactivity.
The exponential raise, starting from early 1990s, the application of DFT-based
calculations made an enormous impact on theoretical and computational quantum
chemistry. Following this, there is a renewed interest in devising and exploring
conceptual DFT-based protocols in understanding the structure and reactivity of
molecules, which will be described in detail in the forthcoming chapters [26,27].
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4.1 INTRODUCTION [1-3]

During the last five decades, an alternative way of looking at the quantum theory
of atoms, molecules, and solids in terms of the electron density in three-dimensional
(3D) space, rather than the many-electron wave function in the multidimensional
configuration space, has gained wide acceptance. The reasons for such popularity of
the density-based quantum mechanics are the following:

39
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1. Electron density is a fundamental variable and can be determined
experimentally.

2. Considerable conceptual advantages are gained through the building of
various transparent, interpretative models of structure, properties (including
reactivity), and dynamics in terms of the single-particle density. Being
simple but rigorous, such conceptual models ought to replace popular,
ad hoc models in chemistry.

3. Simplicity and accuracy in computation, especially with large molecules for
which other ab initio quantum chemical methods currently in vogue require
computational labor of at least one order of magnitude greater for delivering
results of comparable accuracy.

The three main approaches based on the single-particle density are the density
functional theory (DFT), quantum fluid dynamics (QFD), and studying the properties
of a system through local quantities in 3D space. In this chapter, we present simple
discussions on certain conceptual and methodological aspects of the single-particle
density; for details, the reader may consult the references listed at the end of this chapter.

4.2 WHAT IS A SINGLE-PARTICLE DENSITY
AND WHY IS IT IMPORTANT? [1-5]

To answer these questions, let us first consider the normalized wave function for a
system of N electrons, given by ¢ (xy, X5,. ..., Xy), where x; denotes the set of space
and spin coordinates for the ith electron, i.e., x; = (r;, s;), r; being the position vector
in 3D space and s; the spin variable. ¢ is postulated to contain all information about
the system. One can define a single-particle reduced density matrix (RDM) and a
two-particle RDM as follows:

py (x1]x}) :thp(xl, X, XY (X, X0, xy)dxg L dxy 4.1

Ty (x1,x20x),x5) = (1/2NWN — I)Jt,l/(xl, X0, XY (X, X5, xy)dxs L dey
4.2)

In Equations 4.1 and 4.2, the numbers before the integral signs occur due to the
indistinguishability of electrons and electron pairs, respectively. The single-particle
density p(x) is defined as the diagonal element of the single-particle density matrix
Pl(x1|x1/), viz.,

px) = lep(x, X2, XN (x, X2, ..., xy)dxy .. dxy 4.3)

The spin-averaged single-particle density is given by

p(r) = Jp(x)ds (4.4)
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where p(r) has three important properties, viz.,
p(r) >0, for all r; J p(r)dr = N; J |grad p(r)l/z\zdr < o0 4.5)

The second property in Equation 4.5 normalizes p(r) to the total number of
electrons in the system by integrating over the whole 3D space. Note that in atomic
units (used throughout this chapter unless otherwise mentioned), the number
density p(r) becomes the electronic charge density, thereby paving the way to
various useful, interpretative approaches as described below.

The nonrelativistic quantum mechanics of many-electron systems (atoms, mole-
cules, nanomaterials, and condensed matter) can be formulated entirely in terms of
the two-particle RDM (for Hartree—Fock systems or single-determinantal wave
functions, the single-particle RDM will suffice because the two-particle RDM can
be written in terms of the single-particle RDM), bypassing the many-particle wave
function. Thus, the two-electron RDM contains all information about a system and
the many-electron wave function, involving 3N space and N spin variables, is not
necessary. This is undoubtedly a great simplification. However, since the wave
function is being bypassed, a question arises: How does one know whether a given
one-electron or two-electron RDM corresponds to an antisymmetric wave function?
This is the well-known N-representability problem, which has been solved for the
one-electron RDM but is unfortunately intractable for the two-electron RDM. In
other words, the promising RDM approach cannot bypass the wave function
approach.

However, it is indeed fortunate that the N-representability problem for the
electron density p(r) greatly simplifies itself. In fact, the necessary and sufficient
conditions that a given p(r) be N-representable are actually given by Equation 4.5
above. Nevertheless, question remains: Can the single-particle density contain all
information about a many-electron system, at least in its ground state? An affirmative
answer to this question can be given from Kato’s cusp condition for a nuclear site in
the ground state of any atom, molecule, or solid, viz.,

Op(r)/0r|,_y = —2Zp(r = 0) (4.6)

where Z is the nuclear charge at the site of the cusp. Equation 4.6 has a profound
significance. It says that the electron density p(r) contains all information about
the system in the ground state as follows: Let p(r) alone be given for an unknown
system in its ground state. One can, in principle, calculate the slope of the density
at many points in 3D space and thereby hit upon all the cusps given by Equation
4.6. Thus, all the nuclei in the system and the total number of electrons become
known, from which the Schrodinger equation for the system can be written and all
information about the system can, in principle, be obtained. In other words, the
single-particle density contains all information about the system, at least in
the ground state. This conclusion forms the core of modern DFT (see Section 4.5).
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4.3 SOME FUNDAMENTAL AND INTERPRETATIVE PROPERTIES
OF ELECTRON DENSITY

4.3.1 AsymptOoTIC BEHAVIOR [1]

While Equation 4.6 describes the short-range behavior of p(r), the long-range
behavior is given by the asymptotic relation

p(r) ~ exp [—2(21)1/24, for r — 0o @.7)
where [ is the first ionization potential of the system.

4.3.2 MONOTONIC VARIATION AND SHELL STRUCTURE IN AToms [2,5,6]

The electron density p(r) in the ground state of any atom falls off monotonically from the
nuclear site until it vanishes asymptotically at infinity. For any atom in the ground state,
a plot of the radial probability density 4rp(r) against r (or, more clearly against r'/?)
reveals the atomic shell structure in two ways: (1) The number of maxima equals
the number of shells and (2) the locations of the minima indicate the approximate
regions where the preceding shell ends and the next one begins. The changes in sign
of V2p(r)—where V? is the Laplacian—also indicates atomic shell structure. For a pair
of atoms involved in the formation of a chemical bond, p(r) has a saddle-point between
the two nuclei; the saddle-point is a minimum along the bond direction and a maximum
perpendicular to the bond direction. Therefore, from either of the two nuclear sites or
cusps, the density falls off monotonically toward the saddle-point.

4.3.3 ELecTROSTATIC HELLMANN—FEYNMAN THEOREM [7,8]

Assuming the validity of the Born—Oppenheimer approximation, the electrostatic
Hellmann—Feynman (H-F) theorem expresses the force F 4 on a nucleus A, of charge
Z, in a molecule or solid, as

Fa=7ZxY ZsRap/Rig — Za J(p(r)rA Jra)dr (4.8)
B#£A

where
RAp is the distance between the nuclei A and B
ra is the position vector from A

The first and second terms on the right-hand side of Equation 4.8 represent the
nuclear—nuclear repulsive force and electron—nuclear attractive force, respectively.
The great simplicity and visuality of this force concept in chemistry, involving p(r),
have been of enormous advantage in obtaining detailed qualitative and quantitative
insights into the nature of chemical binding, molecular geometry, chemical reactivity
as well as other properties.
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4.3.4 ELecTrROSTATIC POTENTIAL [9]

Since force is the negative gradient of the corresponding potential, one can also
define an electrostatic potential (ESP) at a point r in the space around a molecule or
solid, in terms of p(r), as

V()= Za/IRa — 1| — J(p(r')/\r —7|)dr 4.9)
A

Equation 4.9 has been extensively applied to study the mechanisms of electrophilic
(e.g., protonation) reactions, drug—nucleic acid interactions, receptor-site selectivities
of pain blockers as well as various other kinds of biological activities of molecules in
relation to their structure. Indeed, the ESP has been hailed as the ““most significant
discovery in quantum biochemistry in the last three decades.” The ESP also occurs
in density-based theories of electronic structure and dynamics of atoms, molecules,
and solids. Note, however, that Equation 4.9 appears to imply that p(r) of the system
remains unchanged due to the approach of a unit positive charge; in this sense, the
interaction energy calculated from V(r) is correct only to first order in perturbation
theory. However, this is not a serious limitation since using the correct p(r) in
Equation 4.9 will improve the results.

4.3.5 ATtoms IN MotLEcutss [2,6]

Chemists have long been intrigued by the question, “Does an atom in a molecule
somehow preserve its identity?”” An answer to this question comes from studies on
the topological properties of p(r) and grad p(r). It has been shown that the entire
space of a molecule can be partitioned into “atomic” subspaces by following the
trajectories of grad p(r) in 3D space. These subspaces themselves extend to infinity
and obey a subspace virial theorem (2 (7) + (V) = 0). The subspaces are bounded by
surfaces of zero flux in the gradient vectors of p(r), i.e., for all points on such a
surface,

gradp(r) - n(r) =0 (4.10)

where n(r) is a unit vector normal to the surface at r. Both p(r) and grad p(r) vanish at
infinity.

4.3.6 PropertYy DENsITIES IN 3D Space [2,3]

For a system, one can define a property density function (PDF) p(r) in 3D space such
that the corresponding property P is given by

P= J p(r)dr @.11)
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Examples of p(r) are energy density, charge density, current density (see Section 4.6),
difference density (difference between a final density and an initial density), electric
moment density, magnetic moment density, local reactivity functions (see Section
4.5.2), force density, etc. Note that, for ensuring the stability of matter, the net force
density must vanish everywhere in space. The concept of a PDF has generated many
significant developments in interpretative quantum chemistry.

From the preceding discussion, it is quite clear that p(r) is indeed a fundamental
quantum mechanical entity of no less significance than the wave function and that
p(r) generates numerous attractive and transparent models of chemical behavior.
How does one calculate p(r)? One way would of course be to calculate it from the
normalized occupied orbital densities, viz.,

pr) = niler)’ (4.12)

1

where @;(r) is an orbital with occupation number n;. For a usual atomic or molecular
orbital, n; equals O, 1, or 2, whereas for a natural orbital—in principle, the most
accurate orbital description of a many-electron system, since it is based on an
accurate single-particle density matrix—one has 0 < n; < 1. However, Equation
4.12 still ties the single-particle density to the apron strings of the wave function and
it is therefore interesting to enquire whether p(r) can be directly calculated bypassing
the wave function formalism. As discussed in Section 4.5, this is achieved by
modern DFT, at least for the ground state.

4.4 THOMAS-FERMI STATISTICAL MODEL
AND ITS MODIFICATIONS [2,4,5]

The Thomas—Fermi (TF) model (1927) for a homogeneous electron gas provides the
underpinnings of modern DFT. In the following discussion, it will be shown
that the model generates several useful concepts, relates the electron density to the
potential, and gives a universal differential equation for the direct calculation of
electron density. The two main assumptions of the TF model are as follows:

1. The electrons in an atom or any many-electron system move under an
effective potential. The electronic distribution results from feeding two
electrons into a volume A’ of the 6D phase space; this is in accord with
Pauli exclusion principle.

2. The effective potential is determined by nuclear charges and this electronic
distribution.

In order to calculate the electronic energy, consider the 3D space to be divided into
small cubic cells, each cell of length /, volume AV = l3, containing AN electrons. The
system is at 0 K, the cells are independent, and the electrons move independently of
one another. The familiar expression for the energy of a particle in a cubical box
(with potential energy taken as zero) is
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8010,y 1) = (2 /8ml) (12 + 2 4 n2) = G [SmlP)R? 4.13)

where
ny, ny, n;=1,2,3,..., etc.
R is the radius of a sphere described by the quantum numbers

For high quantum numbers, i.e., high R, the number of distinct energy levels with

energy not greater than ¢ is given by (note that only the first octant of the sphere of
quantum numbers, without the origin, is to be taken into account)

d(e) = (1/8)(4mR/3) = (7/6)(8mle/h*)*/? (4.14)

Define a density of states g(e) at energy &, so that the number of states between ¢ and
e+d¢cis

g(e)8e = D(e + 8e) — D(e) = (m/4H)8mP /1) e ?8e + 0((3e)?)  (4.15)
To calculate the total energy of the cell with AN electrons, one needs f(g), the
probability for the state with energy ¢ to be occupied by an electron. This is given

by Fermi—Dirac statistics as

fle)=1/(1 +exp[B(e —ep)]); B=L1/kT (4.16)
where &f is the highest energy (Fermi energy) of an occupied state. At T=0 K, f(¢&)
becomes unity for &£ < &g and vanishes for & > ¢f, since 8 — o0; in other words, all

states with & < gg are occupied and all states with & > eg are unoccupied. Therefore, the
total energy (kinetic energy only) of the electrons in this cell is (see assumption 1 above)

Ae =2 Jef(a)g(s)ds = 47 (2m/h?)*/*P J£3/2d3
= 8m/5)2m/W) P Peyl? @.17)

the integration limits being 0 to gg. Using the same integration limits, one has
AN =2 J f(e)g(e)de = (87/3)2m /W) /P e/ (4.18)

Dividing Equation 4.17 by Equation 4.18 and simplifying by using Equation 4.18,
one obtains

Ae = (3/5)ANeg = (302 /10m)(3/8m)**P(AN /1)) (4.19)

Replace (AN/I°) by p, the finite density of the homogeneous electron gas. Taking
AV — 0, p can be locally replaced by p(r). Using atomic units and summing the
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contributions from all cells, the total TF kinetic energy becomes a functional of
the electron density (see Ref. [4] for an account of functional calculus), viz.,

Trelp] = crr Jp5/3(r>dr (4.20)

where the TF constant crg = (3/10) (3772)2/ 3—-2.8712. Equation 4.20 is called the
local density approximation (LDA) to the kinetic energy of a many-electron system.
The total electronic energy of an atom (of nuclear charge Z), neglecting two-electron
quantum effects such as exchange and correlation but including a classical Coulomb
repulsion term, can now be written as

Erelp] = c1r J pRr)dr -2 J(p(r) /r)ydr+1/2 ”(p(r)p(r’) [lr —¥/)drdr’ (4.21)

with f p(r)dr = N, the total number of electrons. The term (—Z/r) is called the
external (electron—nuclear attraction) potential (see Section 4.5.2) for the electron gas
in an atom. For obtaining a differential equation for the direct determination of
electron density, we now perform a constrained variation whereby the density is
always kept normalized to the total number of electrons, as

5 {ETF[F’] — MR (J p(r)dr — N)] =0 (4.22)

where the Lagrange multiplier wrr can be identified as the TF chemical potential (note
its dimensional equivalence with the thermodynamic chemical potential). It will be seen
in Section 4.3.4 that the concept of chemical potential plays a fundamental role in DFT.

By functional differentiation, Equation 4.22 leads us to the Euler-Lagrange
deterministic equation for the electron density, viz.,

prr = 8Erelpl/8p = (5/3)crep™ (1) — @(r) (4.23)
where the ESP is

o) =Z/r— J(p(r’)/ Ir —r'|)dr (4.24)

As mentioned before, the ESP has been a quantity of great significance in quantum
biochemistry. Using Poisson’s equation of classical electrostatics, as applied to an
atom, one can write

V2o(r) = 4mp(r) — AwZ8(r) (4.25)

where 6(r) is the Dirac delta function. Using the substitutions

x=ar, a=112952"3, and x(r) = (r/Z)e(r) (4.26)
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where vectors are replaced by scalars and y(r) is a dimensionless function, one
eventually obtains the TF universal differential equation,

Ex0/d = x"" P 0; )0 =1, x(00) =0 4.27)
One can improve upon the TF model by incorporating two-electron effects into

Etglp] as the approximate, local Dirac exchange energy functional (cx is the Dirac
exchange constant)

Ex[p] = —cx Jp4/3(r)dr; cx = 3/4m(3mH)'/ = 0.7386 (4.28)

with the exchange potential proportional to pl/ 3

Wigner correlation energy functional

(r) and the approximate, local

E[p] = - Jp(r)vc[p]dr (4.29)

where the correlation potential v [p] is given by

velp] = (a v bp*1/3(r))/(a n (3b/4)p*1/3(r))2; a=9810, b=28.583

(4.30)

The interesting implication of Equations 4.28 and 4.29 is that the single-particle
density can incorporate two-particle effects such as exchange and correlation. In
modern DFT, the three density functionals Etg[p], Ex[p], and Ec[p] are sometimes
employed as nonlocal functionals, involving gradients of p(r). The universal value of
the ratio ctg/cx has been shown to correlate nicely with variations in atomic radii,
ionic radii, van der Waals radii, Wigner—Seitz radii, atomic polarizability, London
dispersion coefficient, lanthanide contraction, etc. among the rows and columns of
the Periodic Table. The Thomas—Fermi-Dirac (TFD) atomic energy can also be
expanded in terms of 7', the first term involving 7',

The TFD model does not reveal atomic shell structure as well as the correct short-
range and long-range behavior of the electron density. Furthermore, it does not show
any chemical binding, thereby wrongly implying that no molecule or solid can exist.
This problem occurs due to replacing (see Equation 4.20) the particle-in-a-box wave
functions locally by plane waves. An explicit correction to the TFD kinetic energy,
involving deviation from plane waves, is provided by the Weizsicker inhomogeneity
correction

Twlpl = (1/8) [(erad ) ar (431)

This provides partial chemical binding. Note that Trg[p] and Tw[p] constitute the
first two terms in a gradient expansion of the kinetic energy.
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The conclusion that it may be possible to formulate the quantum mechanics of
many-electron systems solely in terms of the single-particle density was put on a firm
foundation by the two Hohenberg—Kohn theorems (1964), which are stated below,
without proof.

4.5 SIMPLE ACCOUNT OF TIME-INDEPENDENT DENSITY
FUNCTIONAL THEORY

4.5.1 HOHENBERG—KOHN THEOREMS FOR THE GROUND STATE
OF A MANY-ELECTRON SYSTEM [4,5,10-12]

Theorem 1. The external potential v(r) is determined, within a trivial additive
constant, by the electron density p(r). (The implication of this existence theorem is
that p(r) determines the wave function and therefore all electronic properties in the
ground state; see also Equation 4.6.)

Theorem 2. For a trial density p(r), satisfying the N-representability conditions,
the trial ground-state energy E, satisfies the relation

Ey < E\lp] = J prv(rydr + F(p] (4.32)

where
E, is the true ground-state energy
the universal functional F[p] is a sum of the electronic kinetic energy
T[p], classical Coulomb repulsion energy J[p], and quantum exchange-
correlation energy Exc[p] functionals

The implication of this theorem is that it gives a prescription for the variational
determination of the ground-state electron density, since the latter minimizes the
energy.

4.5.2 HOHENBERG—KOHN-SHAM EQUATIONS FOR DETERMINING
Density [4,5,10-12]

One can write the total electronic energy of the system as

Elp] = Jp(r)V(r)dr + Tlp]l + Jlp]l + Exclp] (4.33)

Since the ground-state electron density minimizes the energy, subject to the normal-
ization constraint, [p(r)dr — N = 0, the Euler-Lagrange equation (see Equation 4.23)
becomes

w = 8E[pl/8p = v(r) + 8TIpl/Sp + 8J[p]/8p + 8Exclpl/Sp (4.34)

where the chemical potential u (see Section 4.4) has been shown to be the zero-
temperature limit of the chemical potential defined for the finite-temperature grand
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canonical ensemble in statistical mechanics. Of the four terms on the right-hand side
of Equation 4.34, only the functionals T[p] and Exc[p] are unknown.

The problem of T[p] is cleverly dealt with by mapping the interacting many-
electron system on to a system of ‘“‘noninteracting electrons.” For a determinantal
wave function of a system of N “‘noninteracting electrons,” each electron occupying
a normalized orbital ¢; (), the Hamiltonian is given by

N N
Ho=Y" V22 + > vt (4.35)
i=1 i=1

where
V? is the Laplacian operator for the ith electron
vg; 18 the ith electron—nuclear attraction term

Therefore, the density and the kinetic energy can be written as

N
pr) = | (4.36)
i=1
N
Tdpl = (il =V /2l (4.37)

i=1

One now replaces the interacting T[p] in Equation 4.34 by the noninteracting T[p].
This means that any kinetic energy missing as a result of this replacement must be
included in Exc[p]; clearly, T[p] > T[p]. Equation 4.34 now becomes

= veir(r) + 6T[p]/Sp (4.38)
where the effective potential vee(r) is given by
Vere(r) = v(r) + 8J[pl/dp + 8Exclpl/dp

=v(r) + J(p(r’)/\r —rF)dr’ + vxc(r) (4.39)

where vxc(r) is the exchange-correlation potential. Now, for N noninteracting
electrons, one can obviously write the Schrodinger equation

V22 + v @) = Aigi(r); i=1,2,...,N (4.40)

where A; is the energy eigenvalue for the orbital ¢; (r). In view of the above mapping
of an interacting electron system into a ‘“‘noninteracting electron’ system, it is now
possible to write the Hohenberg—Kohn—Sham (HKS) “Schrodinger-like” equations
for the interacting electron system as

[=V2/2 + verr ()| ,(r) = e (r); i=1,2,..., N (4.41)
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where ¢g; is the energy eigenvalue for the DFT orbital i; (). In Equation 4.41, veg(r)
itself depends on the solutions of Equation 4.41, which is therefore a nonlinear
Schrodinger equation with potentially interesting mathematical properties, some of
which remain to be explored. Equation 4.41 can be solved iteratively and self-
consistently as follows: (1) Assume a trial set of orbitals {¢; (r)}, i=1, 2,...,N,
and an accurate, though approximate, form of Exc[p]; (2) calculate p(r), vxc(r), and
verr(r); (3) solve for new sets {(r)} and {&;}; (4) repeat (2) and (3) iteratively until
the final {¢;} agrees with the {¢;} in the previous iteration within a prescribed limit of
tolerance. This process yields the self-consistent DFT orbitals and their energies. The
computations are economical in time, with the labor being comparable to that of the
Hartree method although the results are significantly more accurate than the Hartree—
Fock method. This is the main reason behind the enormous popularity and wide
applicability of DFT in dealing with atoms, molecules, nanosystems, and condensed
matter in general, involving chemical, physical, biological, and geological phenomena.

Some explanations concerning Equation 4.41 are necessary. First, note that all
electron interactions are included in v (r), which vanishes as r — oo. Second, unlike
the Koopmans’ theorem in Hartree—Fock theory, the DFT orbital energies {¢;} do
not have a simple interpretation. One can, however, show that &; = (OE/On;), where
n; is the occupation number of the ith orbital, as well as e,,,x = —1, the ionization
potential. Most interesting, however, is the chemical potential w, which yields a
deterministic equation for the electron density through p =38E/dp. Using simple
arguments, it has been shown that pu = —(I+A)/2 = —ky;, Where ky is Mulliken
electronegativity, thus validating the concept of electronegativity quantum mechan-
ically. Therefore, electronegativity plays a basic variational role in DFT, similar to
the role played by energy in wave function—based variation theory. This again
emphasizes that DFT ought to be a fundamental theory of chemistry. Note that the
principle of “electronegativity equalization” may serve as an important guideline for
interactions (e.g., bond-making, bond-breaking, and chemical reactivity in general)
between atomic/molecular species with differing electronegativities.

Several other quantities of chemical significance have been defined in terms of
the chemical potential, viz.,

Hardness, n = (1/2)(Ou/ON), = (1/2)(0*E/ON?), ~ (I — A)/2; 1 >0 (4.42)

Softness, S = 1/2n = (ON /o), (4.43)
Fukui function (a local reactivity index), f(r) = (9p/ON),
= O/ Ov)y; Jf (ndr=1 (4.44)
Local softness, s(r) = (Op/dun),; S = Js(r)dr; ) =s@)/S (4.45)

Local hardness, n(r) = (1/2N) ”{SZF[p] /(8p(r)8p(r")) }p(r)dr';

n= Jf(r)n(r)dr (4.46)
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Both the local functions f{r) and s(r) contain useful information about relative
activities of different sites in a molecule or solid.

At this point, it is necessary to say a few words about the v-representability of the
electron density. An electron density is said to be v-representable if it is associated
with the antisymmetric wave function of the ground state, corresponding to an
external potential v(r), which may or may not be a Coulomb potential. Not all
densities are v-representable. Furthermore, the necessary and sufficient conditions
for the v-representability of an electron density are unknown. Fortunately, since the
N-representability (see Section 4.2) of the electron density is a weaker condition than
v-representability, one needs to formulate DFT only in terms of N-representable
densities without unduly worrying about v-representability.

4.5.3 ExcHANGE-CORREeLATION HotE [4,5,13]

As indicated in Equation 4.21, the interelectronic Coulomb repulsion energy func-
tional J[p] is written as the classical expression

Jlpl =1/2 ”(p(r)p(r’)/|r — r|)drdr’ (4.47)

Since the Coulomb, exchange, and correlation energies are all consequences of the
interelectronic 1/r, operator in the Hamiltonian, one can define the exchange energy
functional Ex[p] in the same manner as

Exlp] = 1/2 ﬂ(p(r)px(r, )/|r —r'|)drdr’ (4.48)
where the exchange density matrix px(r, ') has the property
Jpx(r, rydr = -1, forallr (4.49)

Equation 4.49 defines the exchange or Fermi hole. It is as if an electron of a given
spin ““digs” a hole around itself in space in order to exclude another electron of the
same spin from coming near it (Pauli exclusion principle). The integrated hole charge
is unity, i.e., there is exactly one electron inside the hole. Likewise, the correlation
energy functional can be defined as

Eclp]l =1/2 ”(p(r)pc(r, r)/|r —r'|)drdr (4.50)
where

Jpc(r, rydr =0, forall r (4.51)
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indicating that the correlation “hole” is overall neutral. Assuming that Exc[p] =
Ex[p] + Ec[p], one can write an exchange-correlation density matrix pxc(r, )=
px(r, ')+ pc(r, '), thereby defining an exchange-correlation hole such that

JpXC(r, rydr = —1, forallr (4.52)

4.6 QUANTUM FLUID DYNAMICS: TIME-DEPENDENCE
OF SINGLE-PARTICLE DENSITY [2,3,14,15]

Since the beginning of quantum mechanics, there have been significant attempts
to explain quantum phenomena based on familiar ““classical’” concepts. An earlier
attempt was by Madelung who transformed the one-particle, time-dependent
Schrodinger equation (TDSE) into two fluid dynamical equations of classical appear-
ance, viz., a continuity equation signifying the absence of any source or sink, as well
as a Euler-type equation of motion. The continuity of the density over the whole
space imparts to the quantum or Schrodinger fluid more fluid-like character than
even a classical fluid, thereby raising the possibility of a “classical’” description of
quantum mechanics through the fluid dynamical viewpoint. The Madelung trans-
formation for a single-particle wave function is defined in the following.
One may write the time-dependent wave function in the polar form, viz.,

W(r,t) = R(r,t) exp[iS(r, 1) /1] (4.53)

Then, the TDSE can be reformulated in terms of two fluid-dynamical equations:

Continuity equation: 9p/0t + div(pv) =0 (4.54)
Euler-type equation of motion: mpdv/dt = —pgrad(V + Vg,) (4.55)
where
p=R*v=(/mgradS; j = pv (4.56)
dv/dt = Ov/0t + (v - grad)v (4.57)
and
Vqu = (=1*/2m)V*R/R (4.58)

In Equation 4.56, the real quantities p, v, and j are the charge density, velocity field,
and current density, respectively. The above equations provide the basis for the fluid
dynamical approach to quantum mechanics. In this approach, the time evolution of a
quantum system in any state can be completely interpreted in terms of a continuous,
flowing fluid of charge density p(r,f) and the current density j(r,t), subjected to
forces arising from not only the classical potential V(r, f) but also from an additional
potential V,(r,?), called the quantum or Bohm potential; the latter arises from the
kinetic energy and depends on the density as well as its gradients. The current
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density vanishes in the ground state but not in a general excited state. This is the
reason why while the ground-state density contains all information about the system
(HK Theorem 1), the same is not true for the pure-state density of a general excited
state because then the current density will also be involved. Obviously, in general,
the complex-valued wave function can be replaced by two real-valued functions
(p and j) but not by just one of them, except in special cases.

The above fluid dynamical analogy to quantum mechanics has been extended to
many-electron systems. Subsequently, this has provided the foundations for the
developments of TD DFT and excited-state DFT, two areas which had remained
unaccessed for many years. However, these developments are outside the scope of
the present chapter.

4.7 CONCLUSION

Five decades of extensive studies on the statics and dynamics of the single-particle
density in atoms, molecules, clusters, and solids have established that an alternative
quantum mechanics of many-electron systems can be constructed solely in terms of the
single-particle density, thus bypassing the wave function for most practical purposes.
The ability of p(r) to yield transparent and deep insights into problems concerning
binding, structure, properties and dynamics covering physical, chemical, biological,
and even geological phenomena has been astounding. Undoubtedly, such develop-
ments would continue in the years to come.
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The discussion of atoms and molecules by physicists and chemists until the 1920s,
was limited to position space. Exploration of these systems in momentum space
began with the pioneering work [1] of Pauling and Podolsky in 1929, in which they
applied a Fourier-Dirac transformation [2], as given by Jordan in 1927, to the
hydrogenic orbitals. The aim of this was to obtain the wave function in momentum
space and thereby the probability of an electron having momentum in a given range.
This was related to the experimental Compton line shapes giving electron momen-
tum densities (EMDs) for an atomic system [3]. It was shown by Pauling and Podolsky
[1] that the orbitals in position space transformed to momentum space yield the
familiar associated Legendre functions P}"(cos 6) multiplied by e*""*_In momentum
space, the radial part was described by a Gegenbauer polynomial instead of the
Laguerre polynomial in position space [1].

Figure 5.1 illustrates the Fourier transform (FT) of a simple function, viz.,
a Gaussian. The relatively sharp Gaussian function with the exponent & = 1 depicted
in Figure 5.1a, yields a diffuse Gaussian (in dotted line) in momentum space. A flat
Gaussian function in position space with o =0.1, transforms to a sharp one (cf.
Figure 5.1b). Connected by an FT, the wave functions in position and momentum

55
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[20/7]* exp(—ox?)
........ [270a] ™% exp(—p*/40)

a=1.0 a=0.1

FIGURE 5.1 FT of a Gaussian (2a/w)1/4exp(—ax2) for two different values: (a) « = 1.0 and
(b) a=0.1.

spaces bear a reciprocal relation, i.e., a narrow wave function in position space leads
to a broad one in momentum space and vice versa.

The atomic and molecular wave functions are usually described by a linear
combination of either Gaussian-type orbitals (GTO) or Slater-type orbitals (STO).
These expressions need to be multiplied by a center dependent factor exp(—ip-A).
Further the STOs in momentum space need to be multiplied by Y,,(6,,¢,).
Examining the expressions [4], one notices the Gaussian nature of the GTOs even
after the FT. The STOs are significantly altered on FT. From the expressions in Table
5.1, STOs are seen to exhibit a decay ~ p_4, which is the decay of the slowest 1s

TABLE 5.1
Expressions for GTO in Cartesian Momentum Coordinates
and STO in Spherical Polar Momentum Space Coordinates

GTO STO
(px) mipx exp(—p?/4a) 25) <§%) 172 %

(dyy) Py exp(—p’/4a)

—1
Qm)tal/t P
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FIGURE 5.2 The s, p,, df, d,, Gaussian functions with exponent a = 1.0 in momentum
space. For p,, the function is imaginary. The isosurfaces for £0.01 a.u. are given.

function. Isosurfaces of the GTOs in momentum space are plotted in Figure 5.2,
which are qualitatively similar in shape to their position space counterparts.

The many-particle momentum space wave function, ®(p;, p>, P3,---,Pn) 1S
obtained as the 3N dimensional FT of the corresponding position space counterpart
viz., ¥(ry, 1y, I3,...,Ty) {only the spatial parts are explicitly denoted}:

(I)(p[’ p2’ .. "pN) - (277)73N/2J\I,(r1’ r29 r39 ey rN)

exp[—i(p, -r1+---+py T -y (5.1)

The EMD, y(p) can be extracted from ®(p;, p», ..., Py) on squaring, followed by a
suitable integration over all but one momentum coordinate. Here y depends both on p
and the spin:

Y0 =N S [0 v v Py 5.2)

5.1 ATOMIC MOMENTUM DENSITIES

In spite of their familiarity, there still remains a lot to be said about the nature of
atomic charge densities in position space. Atomic densities have a fairly simple but
intriguing structure. A spherical symmetry for the atomic density profiles is one that
is always chosen out of convenience. The ground state atomic charge densities
possess a finite maximum at the nuclear position. The spherically averaged charge
density p(r) satisfies the Kato’s cusp condition [5] at the nuclear position, i.e.,
dp/dr|,—o = —2Zp(0), where Z is the nuclear charge. Thus the charge density for
an atom resembles exp(—2Zr) near the nucleus and exp(—2+/21r) (I is the ionization
potential) at the asymptotes [6]. There exists (a yet unproven) postulate termed as the
monotonic density postulate [7] which states that dp/dr <0 for all r, for ground
states of atoms.

The spherically symmetric atomic momentum densities, in contrast, exhibit mono-
tonic as well as nonmonotonic behavior even in their ground states. Further, it was
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FIGURE 5.3 Monotonic and nonmonotonic atomic momentum densities for He (dotted) and
Ne are portrayed.

shown by Smith and Benesch [8] that they exhibit an asymptotic decay ~p °.
Two examples of ground state atomic densities for He and Ne are depicted in
Figure 5.3. In contrast to the monotonic momentum density of He, the momentum
density of Ne has a minimum at p =0 and a maximum at p =0.9 a.u. The behavior
of the spherically averaged ground state atomic densities has been studied in detail [9].
A nonmonotonic behavior has been noticed by Thakkar [10a] for carbon, nitrogen,
oxygen, fluorine, neon, and argon atoms. The carbon, nitrogen, oxygen, and fluorine
atoms were found to show atmost three maxima in their spherically averaged momen-
tum densities. Later, Koga et al. [10b] classified the 103 elements of the periodic
table into three groups with atoms being: (1) monotonic (2) nonmonotonic, and (3)
those having two maxima, one at p = 0 and the other at p > 0.

At this point, one may wonder why there is an interest in the atomic momentum
densities and their nature and what sort of information does one derive from them. In
a system in which all orientations are equally probable, the full three-dimensional
(3D) momentum density is not experimentally measurable, but its spherical average
is. The moments of the atomic momentum density distributions are of experimental
significance. The moments and the spherically averaged momentum densities are
defined in the equations below.

I(p) = (1/4m) J y(p)p* sin 6, d6, do, (5.3)

(") = 47TJI(p)p"dp, for —2<n<4 (5.4)



Atoms and Molecules: A Momentum Space Perspective 59

These moments have a physical significance with n =2, giving a measure of the
kinetic energy of the atom, n=—1 being proportional to the peak heights of
experimentally measurable Compton profiles, n =1 giving measures of shielding
in nuclear magnetic resonance, and n=4 being equivalent to the Breit—Pauli
relativistic correction.

5.2 MOLECULAR ELECTRON MOMENTUM DENSITIES

The chemistry of momentum densities becomes more interesting when one goes over
to molecules. There is an inherent stabilization when atoms bond together to form
molecules. One of the first chemical interpretations of the EMD was presented by
Coulson [11]. The simplest valence bond (VB) and molecular orbital (MO) wave
functions for H, molecule given in the following equations were used for this

purpose:

1
Vyo = ——— [, (1) + 55
MO TS [@a(r1) + @p(ry))] (5.9

Wyp = (5.6)

1
TSy [P + )y ()]

Here ¢, is the 1s atomic Slater functions (a3/2/771/2) exp(—a|r — r,|) with the atom
being centered at position vectors r,. The overlap between these functions is given by
S. After an FT and integrating over momentum coordinates of one particle, the EMD
of H, molecule within VB and MO theory are derived as

L +cosp-(r, —ry)]

Y@l = s A@) (5.7)
1+S S(ry, —
) = 1O B 2]y (58)

where

(r, —rp,) is the bond vector A(p) is the FT of the 1s atomic Slater function.

It is interesting to note that the factor cos[p - (r, — rp,)] induces a maximality in a
momentum direction perpendicular to (r, — ), i.e., bonding direction because for
p- (r,—ry)=m/2, it becomes zero and for p - (r, — rp) =0, it attains a maximum.
Coulson termed the factor 1 4 cos[p - (r, — r},)] as a diffraction factor in analogy with
intensity of diffraction patterns. The maximal nature of the EMD perpendicular to the
position space bonding directions was termed as the bond directionality principle.
The maximal directions in the EMD and the corresponding position space density for
H, molecule are illustrated in Figure 5.4. The coordinate space charge density shows
the cusp maxima at the nuclear positions, even evidencing the bonding, where the
density is a minimum on a line connecting the two nuclei and a maximum in
comparison with all directions perpendicular to it. Analyzing the isosurfaces of the
corresponding momentum density, it is seen that the contours have a larger extent
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FIGURE 5.4 (See color insert following page 302.) Coordinate and momentum space
charge densities of H, molecule illustrating the bond directionality principle. Isosurfaces from
0.04 to 0.01 a.u. are plotted for the coordinate space charge density (a). Isosurfaces from 1.0 to
0.01 a.u. are plotted for the momentum space charge density (b).

along the P, direction and a smaller extent along the P, axis, which is perpendicular
to the X-axis in the coordinate space.

The next step for Coulson was towards polyatomic systems of ethylene, butadi-
ene, and naphthalene [11]. He concluded that, “Whenever there is a certain direction
in a molecule such that several bonds lie exactly or close along it, then the
momentum is likely to have a small component rather than a large one in this
direction. In the case of consecutive or conjugated bonds, this tendency is consider-
ably enhanced due to the high mobility of certain electrons. High mobility in any
direction usually gives rise to low values of momentum in this direction.” Thus was
the graphical generalization of the bond directionality principle which would be
again referred to in the latter part of this chapter. Several studies on molecular EMDs
and Compton profiles were reported by Epstein and Lipscomb [12] in 1970s, in
which localized MOs were employed.

The EMD is closely related to intensities obtained from Compton scattering
experiments, in which the obtained distribution depends on the incident wavelength
and the scattering angle. The intensity of the scattered radiation is proportional to the
theoretically obtained Compton profile given by the equation

o]

1 [ I(p)d,
,(q):,JM

> (5.9)

q

where I(p) is the spherically averaged EMD given by Equation 5.3. These relation-
ships provided a method for estimating the electronic energy of a molecular system
from the Compton line shapes via the virial theorem. By virial theorem, the elec-
tronic energy of Coulombic systems is the negative of the kinetic energy and can be
obtained from the Compton profiles as [13],

1T T L /dJ
Emol = — = Jpzl(p)dp = Jp3 (—) dp=-3 Jpzl(p)dp (5.10)
2 0 0 4/ 4
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In chemistry, several properties such as enthalpy of formation, dipole moments, etc.,
are analyzed for molecules on the basis of an additivity approximation. The same
was applied to Compton profiles by Eisenberger and Marra [14], who measured the
Compton profiles of hydrocarbons and extracted bond Compton profiles by a least
squares fitting. This also enabled an approximate evaluation of the energy of these
systems from the virial theorem.

All these and other related studies gave rise to some qualitative and semiquanti-
tative principles as a guide to interpret molecular EMDs. These principles apart from
the previously described FT one, are as follows:

1. Virial theorem: Lowering the energy of system either by an improved wave
function or by a chemical change such as bonding, leads to a shift of
momentum density from regions of lower to higher momentum.

2. Bond oscillation principle: In the spirit of the bond directionality principle
advocated by Coulson, Kaijser and Smith [15] proposed that the momentum
distributions and Compton profiles associated with the bond will exhibit
oscillations.

3. Hybrid orbital principle: Increased p character in an sp”-type hybrid orbital
results in increased density at higher momentum.

The above qualitative principles are useful for chemical interpretation of molecular
EMDs. The first step for a quantitative analysis is to study the nature of EMDs and
characteristics with respect to symmetry and topography.

5.3 SYMMETRY IN MOMENTUM SPACE

The 3D profiles of momentum densities on examination, initially, baffle a chemist
who is very familiar with coordinate space densities, because of the absence of a
nuclei-centric structure. Symmetry is manifested in chemistry via molecular geom-
etries as revealed by nuclear structure. However, EMDs have an additional charac-
teristic of being inversion symmetric, viz., y(p) = y(—p). This inversion symmetry
arises [15-17] due to the FT involved in obtaining the momentum space wave
function, which is a precursor to the momentum density. Examining the definition
of momentum densities as given by the Equations 5.1 and 5.2 and taking a complex
conjugate of the integral, the following expression is derived:

¥(p) = ¥(p)* = {(277)3 Je*ff"“*”r(r|r/>d3rd3/
=Qm Jeip'(r"/)l“(r|r’)d3rd3r' = y(—p) (5.11)

Here I'(r|r’) signifies what is termed as the first-order reduced density matrix, which
is defined as

L(rjr') = NJ‘I’(r, 1, 3, ..., V)V, 1o, 13, ., r)E R Py (5.12)
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FIGURE 5.5 Symmetry enhancement from coordinate to momentum space: C,, to Dy, for
water molecule.

TABLE 5.2
Direct Product Table for C,, Point Group in Coordinate Space with i to Give
the Dy, Point Group in Momentum Space

Cy,—Dsp E G2 o(xz) o(yz) i ol(xy) Cy(x) GCa(y)
E E Cy(2) o(xz) o(yz) i a(xy) Cy(x) Cy(y)
C2() C(2) E o(yz) o(xz) a(xy) i Cy(y) Co(x)
o(xz) o(xz) o(yz) E Cx(2) () Cr(x) o(xy) i

o(yz) o(yz) o(xz) Cy(2) E Cy(x) Cy() i o(xy)
i i a(xy) C() Cr(x) E C(2) a(yz2) o(xz)
o(xy) o(xy) i Cy(x) G Cx(2) E o(xz) a(yz2)
C(x) Cy(x) Cy(y) a(xy) i o(yz) o(xz) E Cy(2)
C2(y) Cy(y) Cy(x) i o(xy) o(xz) a(yz2) C(2) E

A visual manifestation of this inversion symmetry is given in Figure 5.5, for the
momentum density of water molecule. The position space symmetry of water
molecule as per the familiar group theoretical terms, is given by the point group
C,,, whose symmetry operations have been given in the figure. This point group is
purely due to the geometry of the water molecule. In momentum space, the nuclei are
absent and hence the symmetry is given by the profiles of the 3D EMD. For the
EMD, it can be seen that it is the maximal nature of the profiles that dictates the
symmetry. The effect of the inversion property is quite evident in the profile which
converts it to a D,;, point group [17]. Obtaining theoretically, the point groups in
momentum space involves a direct product of the group in position space with the
inversion operator i. This is worked out in Table 5.2 for the point group C,,. The
point group in position and momentum spaces remains the same when the group
already contains the inversion operator i.

54 TOPOGRAPHY OF ELECTRON MOMENTUM DENSITIES

The next step toward a systematic analysis of the structure of EMDs is an examin-
ation of its topography (Greek, topos, place; graphia, writing) [18]. Topography is
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described in terms of isosurfaces, critical points (CPs), gradient paths, etc. Bader [19]
has pioneered the use of topographical concepts in chemistry, with major emphasis
on the nature of the coordinate space charge density. The CP of a 3D function is
defined as a point at which all its first-order partial derivatives vanish. The nature of
the CP of a 3D function f{x, x,, x3) is then determined by the Hessian matrix at the
CP, viz., H;; = 82f/ Ox;0x;|cp [17]. The number of nonzero eigenvalues of the Hessian
matrix is termed as its rank R which is equal to the order of the largest square
submatrix whose determinant is nonzero. If all the eigenvalues of the Hessian matrix
are nonzero, then the CP is termed to be nondegenerate. To determine whether the
CP is a minimum, maximum or a saddle, a quantity defined as the signature, o, is
used. The signature of a CP is equal to the algebraic sum of the signs of the
eigenvalues. For a 3D function, there can be four types of nondegenerate CPs. The
notation used for them will be of the form (R, o) and they are

3, +3), a true minimum in all directions
3, +1), saddle which is a maximum at least in one direction
3, —1), saddle which is a minimum at least in one direction
3, —3), a true maximum in all directions

1. (
2. (
3. (
4. (

The topography of EMD was extensively mapped and analyzed by Kulkarni and
Gadre [20], for a variety of molecules. The inversion symmetric nature of the scalar
field requires the point p =0 to be a CP. The nondegenerate CP at p =0 is unique in
its nature as determined by the value of EMD and its signature. The CPs occurring
elsewhere follow a hierarchy as shown in Table 5.3, with the signature increasing
with respect to the CP at p=0. The CP at p =0 is thus a harbinger of the topography
of the complete scalar field. When a (3, +3) is at p=20, all the other types of CPs
((3, +1), (3, —1) and (3, —3)) are found elsewhere. For a (3, +1) at p=0, (3, —1),
and (3, —3) CPs and for a (3, —1) CP at p=0 only (3, —3) CPs occur at other p. A
true maximum at p=20 is a unique CP with no other CP occurring elsewhere. The
question ‘“why is there such a structure for EMDs?” is unanswered and needs further
examination and attention.

TABLE 5.3

Depiction of the Hierarchy Principle of CPs
in EMD

CPatp=0 CP Found Elsewhere
3, +3) 3, +1), 3, -1), (3, -3)
@3, +D 3, -1), (3, -3)

3, -1 3,-3)

3, -3) No other CP found

Source: Kulkarni, S.A., Gadre, S.R., and Pathak, R.K., Phy.
Rev. A., 45, 4399, 1992; Balanarayan, P. and
Gadre, S.R., J. Chem. Phy., 122, 164108, 2005.
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5.5 CHEMISTRY IN MOMENTUM SPACE

Although the absence of nuclei-centric structure makes direct chemical interpretation
difficult, the EMD does have some other advantages. For instance, it is related to
energy via the virial theorem stated previously and carries the valence information
around p=0. The entire nature of EMD topography is fixed by that at p=0, as
described by the hierarchy principle.

Analyzing the chemical reactions in momentum space, armed with just the infor-
mation around p = 0 has been one of the attractive prospects of momentum space [20].
This information could be in the form of y(0) or the entire set of eigenvalues at 0. The
information around p = 0 indeed refers to the “‘valence region,” which is of supreme
importance for understanding the chemical reactions. For a corresponding study in
position space, a search for various bond-, ring-, and cage-type CPs has to be carried
out in three dimensions. On the other hand, in the momentum space, the information
around a single point could be used as a practical tool for probing the chemical reactions
[20]. The nature of the EMD for the isomerization reaction of HCN to HNC is portrayed
in Figure 5.6. The snapshots of the momentum densities at various points on the reaction
path are plotted. The close connection with energetics is apparent in momentum space,
with the nature of the CP at p =0 changing around the transition state and the EMD
values at zero momentum closely following the energetics.

Yet another chemical concept that has been related to EMDs is strain [21]. The
classical definition of molecular strain originated in the work of Baeyer. In modern
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-92.90 ~ . . P,
A
L 1 * L) " I N ) . ] . ) L) ) . 1
-6 -4 -2 0

—92.84

—92.86

Energy
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Reaction coordinate for HNC to HCN

FIGURE 5.6 (See color insert following page 302.) Momentum and coordinate space
charge density profiles for the reaction path from HNC to HCN.
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FIGURE 5.7 Momentum density isosurfaces (in a.u.) of cyclopropane and (a) momentum
density of tetrahedrane along the p, axis. Parts b, ¢, and d show the variation of the density for
the same axis for a single, two, and three CH, insertions, respectively.

terms, carbon atoms whose bond angles deviate substantially from standard bond
angles 109.5°, 120°, and 180°, respectively, for sp>, sp?, and sp hybrid orbitals are
said to be strained. Interestingly, the “‘bent banana bond”” model of cyclopropane
was introduced by Coulson and Moffitt [22], whose preliminary findings triggered
the interest in molecular EMDs. The topographical features of EMD provide a
measure of molecular strain through angular deviations and bond ellipticities as put
forth by Bader and coworkers [19]. As noted earlier, EMDs have an interpretative
problem in this respect, as they lack an atom-centric visual description of molecular
structure. However, EMDs are intimately connected to kinetic energy densities, which
in turn can be closely linked with strain, as it is heuristically expected.

The effects of ring strain are manifested in the momentum densities as: (1) The
momentum density at p=0 is higher in magnitude for the strained system as
compared to its unstrained isomeric counterparts, with the distribution tending to a
maximum at low momenta. (2) A partitioning of the total distribution into atoms
reveals that the carbons accumulate more density in comparison with the unstrained
reference, and the hydrogens are more positive. (3) Within the strained systems, the
carbons become less negative with increasing strain. (4) The spherically averaged
values also seem to indicate crowding of the density around p = 0, although there is a
loss of information on spherical averaging.

Particular instances in which the absence of nuclear structure for EMD has
turned out to be a blessing in disguise are those in quantitative structure—activity
relationships (QSAR) [24-27] and molecular similarity. One of the most popular
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similarity measures based on coordinate space charge densities is known as the
Carbé index [24-27], which is a correlation measure between two charge densities.
An important step in its evaluation involving translation and rotation of one of the
species, is to find a particular alignment that maximizes this correlation measure and
hence does involve some computation. However, such a problem of alignment does
not arise at all in momentum space due to the absence of a nuclei-centric structure.
The only operation involved is rotation around any fixed axis. This advantage for
EMDs [24-27] has made it a good ‘““descriptor’ in several QSAR studies such as
similarity measures for Hammond’s postulate and prediction of water—octanol par-
tition coefficients.

The nature of bonding in solids can also be probed via experimental Compton
profile measurements. Philips and Weiss [28a] had investigated the bonding in
LiF by analyzing the Compton profiles. They noticed that the momentum density
of LiF was more similar to superposition of the momentum densities of Li* and F~,
rather than a superposition of the momentum densities of Li’ and F°. Thus it
was possible to conclude about the degree of ionicity involved in the bonding of
LiF. There have been several experiments on solids, metals, etc., involving the
measurement of momentum densities. A discussion of these is beyond the scope
of this chapter. The reader is referred to a comprehensive book giving these
details [28D].

5.6 MOMENTUM DENSITY MEASUREMENTS:
SPECTROSCOPIC TECHNIQUES

Several experimental techniques such as Compton scattering, positron annihilation,
angular correlation, etc., are used for measuring momentum densities. One of the
most popular techniques involved in measuring momentum densities is termed as
electron momentum spectroscopy (EMS) [29]. This involves directing an electron
beam at the surface of the metal under study. Hence EMS techniques fall under what
is classified as coincidence spectroscopy.

The experiment uses a beam of electrons of known kinetic energy E, and known
momentum kg. The beam is incident on a target consisting of atoms, molecules, or a
solid film. The incident electron knocks a second electron out of the target both of
which are detected. Their kinetic energies and momenta, Er and K¢ for the faster one
and E; and K for the slower one, are observed. The binding energy £ and momentum
q of the target electron are given by e=E;— E,—F; and q=Kk;—k;—k,. In
the independent-particle model, the probability that one measures a certain binding
energy—momentum combination is proportional to the absolute square of the
momentum space orbital of the target electron, which hence gives the momentum
density of the orbital, via a fitting procedure of theoretically obtained orbital
momentum densities.

These experiments have been applied to a variety of molecules, the predominant
ones being strained organic molecules such as cubane, norbornane, cyclopropane,
etc. [30-33]. Recently, van der Waals complexes of formic acid have been subjected
to EMS spectroscopy [34].
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5.7 INTERCONNECTIONS BETWEEN POSITION
AND MOMENTUM SPACES

The Schrodinger equation in momentum space for a single particle system is
obtained on taking an FT of its position space counterpart in the form

2 n
2o + J Vp - p)d@)d = Ed(p) (5.13)

where V(p) = (=2m) 32 j V(r) exp (—ip - r)d*r. The multiplicative potential energy
operator in position space thus leads to a convolution procedure involving FT. The
kinetic energy operator has become local and multiplicative. Attempts at solving the
momentum space Schrodinger equation for the multielectron He atom were pioneered
by McWeeny and Coulson [35a] who presented a solution for the Hj molecular ion.
However, due to difficulties in solving integral equations accurately, no significant
progress seems to have been made in the literature, although there have been a few
attempts in that direction [35b,c].

The position space density study has immensely benefitted from the development
of density functional theory (DFT) [36], wherein the energy is evaluated solely from
the knowledge of the 3D function, i.e., the position space charge density. Such a
development for momentum densities has not yet been achieved, the difficulty being
in the handling of integrals of the Coulombic kind. The Hohenberg—Kohn theorem,
which is the fundamental basis of DFT emerges as an existence theorem in momentum
space [37]. The advantage in momentum space is again the local multiplicative nature
of the kinetic energy functional. Invoking quasiclassical consideration, Pathak and
Gadre [38] had formulated an approximate DFT for atoms in momentum space, which
yielded quick estimates for gross properties in momentum space.

A standing problem related to momentum space densities is a one-to-one
mapping with coordinate space densities, which to date has not yet been solved.
Given just the position space charge density of a molecule what would be its
corresponding momentum density and vice versa? A direct answer to such a question
would certainly aid in chemical interpretation. The FT of the coordinate space charge
density leads to the scattering factor f{k), which is measured in an X-ray crystallo-
graphic experiment. The inverse FT of the momentum density also does not yield the
position space charge density. Hence, there have been several approximate relations
found connecting the position and momentum space. A simple and approximate
semiclassical procedure has been outlined in the literature [39]. In this study, the
spherically averaged momentum densities and thereby the Compton profiles were
estimated only from the knowledge of the coordinate space charge density. The
momentum p is evaluated from the coordinate space charge density p(r) as p=
3/ 10)[37* p(r)]l/ 3 and the approximate spherically averaged momentum density for
this p is related to the volume enclosed by the isosurface of p(r) at that momentum
value [39].

Yet another indirect connection between momentum and coordinate space
charge densities is derived via a quantity called the Shannon information entropy
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[40]. The information entropy of a probability distribution is defined as S[p;] = —2. p;
In p;, where {p;} forms the set of probabilities of a distribution. For continuous
probability distributions such as momentum densities, the information entropy is
given by S[y]=—[¥(p)In y¥(p) d’p, with an analogous definition in position space
[41]. The information entropy is a quantitative measure of the uncertainty in a
distribution with lower information entropy giving lesser uncertainty, which implies
a higher probability for a particular event. The FT relationship between position and
momentum space and the inverse behavior in both the spaces hence connect the
information entropies of the distributions as well. An interesting uncertainty type
relation has been given by Biatynicki-Birula and Mycielski [42] in terms of the
information entropies as —(In|¥|?) — (In|®[*)>n(1 +In 7). Gadre and Bendale
[43] derived a lower bound to the sum of information entropies in position and
momentum spaces, viz., S[p] + S[y] > 3N(1 +1n 7) — 2N In N. This led to postu-
lating a new maximum entropy principle [43] in dual spaces, which has been used in
a variety of applications.

5.8 CONCLUDING REMARKS

Starting from the FT of hydrogenic orbitals to EMDs of molecules and solids, the
work on momentum densities has progressed through several phases, dealing with
interpretation, spectroscopic measurements, and practical aspects of energy evalu-
ation. As seen earlier, the Schrodinger equation is not easily solvable in momentum
space. Rigorous as well as pragmatic interconnections between position and
momentum densities need to be built. For a chemist and physicist, the momentum
density still remains a mystery with the absence of nuclear structure, making
it difficult to interpret. In spite of this, the very absence of nuclear structure has
made EMDs amicable to similarity studies in QSAR. The local nature of kinetic
energy and the availability of valence information around p =0 has proved to be
useful in a practical sense.

To derive some chemistry out of the momentum distribution, a bridge between
the electron densities in position and momentum spaces needs to be built. The studies
in momentum space are therefore still a breeding ground for further conceptual and
developmental work.
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6.1 INTRODUCTION

The study of behavior of many-electron systems such as atoms, molecules, and
solids under the action of time-dependent (TD) external fields, which includes
interaction with radiation, has been an important area of research. In the linear
response regime, where one considers the external field to cause a small perturbation
to the initial ground state of the system, one can obtain many important physical
quantities such as polarizabilities, dielectric functions, excitation energies, photo-
absorption spectra, van der Waals coefficients, etc. In many situations, for example,
in the case of interaction of many-electron systems with strong laser field,
however, it is necessary to go beyond linear response for investigation of the
properties. Since a full theoretical description based on accurate solution of TD
Schrodinger equation is not yet within the reach of computational capabilities, new
methods which can efficiently handle the TD many-electron correlations need to
be explored, and time-dependent density functional theory (TDDFT) is one such
valuable approach.
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One of the important concepts that has led to tremendous advantages for
describing the properties of atoms, molecules, and solids is the concept of single-
particle electron density [1]. It provides a conceptually simple and computationally
economic route to the description of many-particle systems within a single-particle
framework through the well-known theoretical approach known as density func-
tional theory (DFT) [2—4], which uses the single-particle electron density as a basic
variable. While there has been conspicuous success of DFT for the ground state of
many-electron systems, the progress in the area of excited states and TD situations
has been rather less spectacular.

The precursor of DFT is the well-known Thomas—Fermi (TF) theory [5], which
was proposed as a thermodynamic and electrostatic model of the electron cloud in
atoms, soon after the Schrodinger equation-based formulation of quantum mechanics
was proposed. A corresponding TD version of the TF theory followed soon through
the work of Bloch [6]. The static TF theory, although introduced initially in a
somewhat intuitive manner, was later upgraded to the status of a rigorous
DFT when it was derived as its approximate version with a local density form for
the kinetic energy density functional and neglecting the exchange correlation (XC)
contribution altogether. The TD theory of Bloch is also essentially a phenomeno-
logical and approximate version of a more general TDDFT. Both TF and Bloch theory
have been strongly based on an underlying classical picture of the electron cloud. The
desire to have a classical interpretation of the strange world of quantum mechanics was
so strong that soon after the Schrodinger equation was proposed, its hydrodynamic
analog was derived by Madelung [7] and the resulting framework of quantum fluid
dynamics (QFD) [8,9] played a major role in the development of TDDFT in later
years. A major aspect in which TDDFT differs from DFT is the roping of the
additional density variable, i.e., the current density in addition to the electron density.

DFT was formally born through the pioneering work of Hohenberg and Kohn
(HK) [3], which demonstrated the uniqueness of the density to potential mapping for
the ground state of many-electron systems. A formal TDDFT was born much later
mainly through the works of Peuckert [10], Bartolotti [11], and Deb and Ghosh [12]
on oscillating time dependence and subsequently, Runge and Gross [13] paved the
way to a generalized TDDFT for an arbitrary scalar potential, which was later
extended to TD electric and magnetic fields with arbitrary time dependence by
Ghosh and Dhara [14]. Besides the formal foundations of DFT and TDDFT, for
practical application, a suitable form of the XC energy density functional is also
needed. In absence of an exact form for this quantity, several approximate forms are
in use and the situation is more critical for TD potentials where the development has
been rather less exhaustive. For excellent recent reviews, see Refs. [15-19].

In what follows, we present in this short review, the basic formalism of TDDFT
of many-electron systems (1) for periodic TD scalar potentials, and also (2) for
arbitrary TD electric and magnetic fields in a generalized manner. Practical schemes
within the framework of quantum hydrodynamical approach as well as the orbital-
based TD single-particle Schrodinger-like equations are presented. Also discussed is
the linear response formalism within the framework of TDDFT along with a few
miscellaneous aspects.
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6.2 DENSITY FUNCTIONAL THEORY OF MANY-ELECTRON
SYSTEMS FOR TIME-INDEPENDENT AND PERIODIC
TIME-DEPENDENT POTENTIALS

The DFT, as already stated, was formally born with the pioneering works of Hohen-
berg and Kohn [3] who proved a theorem demonstrating a unique mapping between
the electron density of a many-electron system and the external potential that charac-
terizes the system. In the Hohenberg—Kohn—Sham version of DFT, the energy of an
N-electron system characterized by an external potential vp(r) (say, due to the nuclei)
is expressed as a functional of the single-particle electron density p(r), and is given by

Elp] = T[] + JdrvN(r)p(r) + Unilp] + Exclp] ©.1)

where Ti[p] is the kinetic energy of a fictitious noninteracting system of same
density, given by

hZ
Tilpl = =5 - > < BV () >, 6.2)
k

Uinlp] is the classical Coulomb energy and E,.[p] is the XC energy. It is the
functional form of this XC functional, which is usually approximated in absence
of an exact expression. The one-electron orbitals {i,(r)} are obtained through self-
consistent solution of the Kohn—Sham equations

hZ
{ ﬁvz + veff(r)}lﬂk(r) = e (r), (6.3)
where the effective potential is given by

Verf(r) = vy(r) + vscr(r);  vscp(r) = veour(r) + vxe(r);
oU; OF
VcouL = < ;]m); vxc = < XC)- (6.4)
p dp

Although originally proved for the ground state, the scope of the theorem was later
extended to include excited states, and oscillating TD potentials. For systems
subjected to external potential ve,(r, #) with periodic time dependence, Deb and
Ghosh [12] proved a HK-like theorem by considering the Hamiltonian for the steady
state, i.e., (H(f) — ii(0/0r)) and following a HK-like procedure using the minimal
property of the quasienergy quantity defined as a time average of its expectation
value over a period. They derived the TD analog of the Kohn—Sham equation,
given by

2
{_ 2h_m V2 4 0 (0) + Ve, 1) + vscr(r, t)}dfk(r, B = (ih %) Pi(r,n - (6.5)
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to calculate the electron density and the current density using the relations

p(r 1) = i (r, D (r, 1); (6.6a)
k

. i * *
jr = — 2l_m zk: [0 (6, OV (r, 1) — (v, OV (r, D). (6.6b)

The effective potential has a form similar to that for the time-independent case
with the density argument replaced by the TD density variable. Also some of the
functionals may be current density dependent.

6.3 FORMAL FOUNDATIONS OF DENSITY FUNCTIONAL
THEORY FOR TIME-DEPENDENT ELECTRIC AND
MAGNETIC FIELDS

As already mentioned, the scope of the original HK theorem was extended to include
excited states, oscillating TD potentials, and also the case of arbitrary time depend-
ence. The elegant work of Runge and Gross [13] on the TDDFT corresponding to
arbitrary TD scalar potentials [20] has been extended [14] to aribitrary TD scalar as
well as TD vector potentials, thus enabling it to be applicable to the study of
interaction with electromagnetic radiation, magnetic field, etc. We present here the
formalism for TD electric and magnetic field, so that the other cases can be derived
as special cases of this generalized situation.

We consider an N-electron system where the electrons experience the mutual
Coulomb interaction along with an external potential vy(r) due to the nuclei. The
system is then subjected to an additional TD scalar potential ¢(r, ) and a TD vector

potential A(r, f). The many-electron wavefunction i(ry, Iy, ..., Iy; f) of the system
evolves according to the TD Schrodinger equation
mé —H)y=0 6.7)
ot - '

where the many-body Hamiltonian H can be written, using the Coulomb gauge
V-A=0, as

N N [ eh &2
H= H() —e ; d)(rk, t) — l<%> ; A(I‘k, [) . vk + (W) ; Az(rk, t) (683.)

with
Hy=— ﬁZVMZv(rHezZL (6.8b)
0 m - k - NIk e |rk_rl|’ .

where the spin-dependent terms are omitted and other symbols have their usual
significance.
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The single-particle electron density p(r,#) and the current density j(r, #), which
are defined as the expectation values,

p(r, 1) = (Glplw); 1) = (i), (6.9)

of the density operator p and the current density operatorj given, respectively, by

p= Za(r ) (6.10a)
k
and

AN e
=i _— A N 6 - ;
J Jo+mc Ek: (e, 1) 6(r —ry))
A . (6.10b)
jo=— o k [Vid(r —rp) + 6(r — ri) V],

are the two basic variables of the TDDFT for such systems.

Following the approach of Runge and Gross [13], Ghosh and Dhara [14] proved
that if the two potentials ¢(r, #) and A(r, f) can be expanded into Taylor series with
respect to time around f=f,, both the potentials are uniquely (apart from only an
additive TD function) determined by the current density j(r, f) of the system.

Let us first consider two scalar potentials ¢(r,?) and ¢'(r, 1), which differ by
more than a mere TD function, and two vector potentials A(r, 7) and A’(r, 1), which
are also different. Their Taylor expansions demand that there must exist at least one
time derivative of the potentials differing from zero, in the case of scalar as well as
vector potentials. In other words, there must exist a minimal nonnegative integer, say
k for the scalar potential and / for the vector potential, such that

o , £0,n=k

(%) (@0 -¢@n)| Lo ocn<r (6.11a)
o , £0,n=1

<%> (A(r,1) — Al(r,1)) = 0.0<n<l (6.11b)

Let the two densities corresponding to the two potential sets {d(r, ), A(r, )} and
{¢'(r,1), A'(r,1)} be denoted by p(r, ) and p/(r, ) and the two current densities be
j(r,n) and j'(r,1), respectively. We assume, without any loss of generality, the
evolution to be from a fixed initial state i(ty), i.e., at =1y, p(to) = p'(t), j(to) =
J' (1), and also ¢(ty) = @' (19); Ato) = A'(to).

The time derivative of the current density can easily be obtained from the general
equation of motion for an arbitrary operator Q), given by

d .
ih (E) (PO QD |P(1)) = <¢(z)

(O A .
in (5) Q) + {Q(z), H(t)} ‘l[f(l‘)> (6.12)



76 Chemical Reactivity Theory: A Density Functional View

by specializing to the current density operator j(t) given by Equation 6.10b, thus

leading to
(AN,
ih <dt)‘](r’ n= <¢(1‘)

- <¢<z> ()3 <g>Ak(r>6(r v+ [io, HO)|

k
By applying the equation of motion repeatedly, say for n times and making use of the
initial conditions at ¢ =, one obtains considering both j and j' after some algebra,
the result

AP A .
ih (&)jm + i, Ho)| ‘¢(r>> (6.130)

¢(t)> . (6.13b)

. a ! . o/
(’hat) litr,0) —j'(r, 0]

=ty

a n
- (i) p(r, 10) (ih E) [A(r,1) — A'(r, 1)]

=ty

a n—1
Jrih(%)p(r,to)v (ihat) [(r, 1) — ¢'(r, )] (6.14)

=1y

where all the lower derivatives of the differences of the potential terms have been
assumed to vanish. Equation 6.14 is the key equation on which the proof that follows
is based.

Ghosh and Dhara [14] considered three possibilities for the relative values of
n,k,and [, i.e., the cases (1) [ >k—+1,(2) I<k—+ 1, and (3) =k + 1. In the first case,
i.e., for the choice n=k—+ 1<, clearly the first term on the right-hand side of
Equation 6.14 vanishes but the second term is nonzero according to Equation
6.11a, thus implying that the left-hand side of Equation 6.14 is nonzero. Hence it
is clear that there exists at least one (nth with n =k + 1) derivative of the difference
of the two current densities j(r,?) and j'(r,?) appearing in their Taylor expansion,
which is nonzero. It implies that they will differ infinitesimally after t=+#,. In the
second case, for the choice n=1[<k+ 1, the second term on the right-hand side of
Equation 6.14 vanishes but the first term remains as nonzero and hence once again, at
least one (nth with n=1) derivative of the two current densities j(r,7) and j'(r,?)
appearing in their Taylor expansion is different. This situation also clearly implies
that the two current densities will differ infinitesimally after #=1#,. Analogous
conclusion has been reached for the third case as well. For the first case, it has
also been shown by coupling Equation 6.14 with the continuity equation that at least
one (k+ 2)th derivative of the two electron densities p(r, f) and p'(r, f) is different,
implying that the two densities will differ infinitesimally after = #,.

Thus, it is clear that the two sets of TD potentials {¢(r, 1), A(r,?)} and {¢'(r, 1),
A’(r, 1)} cannot lead to the same current density j(r, 7) even if only any one of them is
different. Thus, the current density j(r,#) fixes both scalar and vector potentials
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uniquely (apart from arbitrary constant or gauge transformation). The current density
j(xr, 1), of course, determines the electron density uniquely as is obvious from the
continuity equation which relates the two. The energy and other quantities for the TD
problems can, therefore, be treated as functionals of the current density or more
conveniently as functionals of both j(r,#) and p(r,f) unlike the stationary ground
state where electron density alone suffices as a basic variable.

6.4 PRACTICAL SCHEMES FOR THE CALCULATION OF DENSITY
AND CURRENT DENSITY VARIABLES IN TDDFT

It has been shown that for practical calculation of the density quantities p(r, f) and
j(r,1), one can have several schemes of which we discuss only two. In the first
scheme, one has to solve the hydrodynamical equations, i.e., the continuity equation

0 . B
(E)p(r, 1+ V.jr,n)=0 (6.15)

and the Euler equation

)
(5>j(r, 1) = Py lp(r, 1), j(r,1)] (6.16)

where the vector Py,,[p(r, 1), j(r, #)] is a functional of the two densities p(r,#) and
j(r, ) for specified external potential denoted by {v}, and can be written as

1 .
Py [p(r, 1), j(r,0n] = s ((®)|Lio» Hol|p(0))

L D[ Vvn(r) + eB(r, 0] — - jr,0) x B@r,n).  (6.17)
m mc

Here E(r, ) and B(r,f) denote the TD electric and magnetic fields defined by the
scalar and vector potentials as

E(r,t) = —V¢(r,t) — % gA(r, 1); B(r,1) =V x A(r,1) (6.18)

and the operators jo and H, are defined in Equations 6.10b and 6.8b, respectively. In
Equation 6.17, the last two terms on the right-hand side denote the classical forces
due to various external potentials, while the first term corresponds to forces of
quantum origin and includes the XC contributions, which are to be expressed as
density functionals of p(r, ) and j(r, #) so that the set of hydrodynamical equations
(Equations 6.15 through 6.18) can be used for the direct calculation of these
density quantities.
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While the hydrodynamical scheme mentioned above involves the density quan-
tities directly, an alternative second scheme based on their orbital partitioning along
the lines of the Kohn—Sham [4] version of time-independent DFT has been derived
by Ghosh and Dhara [14]. In this scheme, one obtains the exact densities p(r, ) and
j(r, 1) from the TD orbitals i (r, 7) obtained by solving the effective one-particle TD
Schrodinger-like equations given by

L[ v A ’ _ (in? 6.19
5 |7V + S A v p (e = (i Juen (6.19)

and using the relations

p(r.1) = ; Wi (r, O (r, 1) (6.20a)
and
jor,n = —% zkj [ (e, OV (r, 1) — g (v, )V (r, 1)
n % p(r, D) Acti (T, £). (6.20b)

In Equation 6.19, which can be called TD Kohn—-Sham-type equation, the effective
scalar and vector potentials veg(r, ) and A (T, t), respectively, consist of contribu-
tions from the external potentials augmented by internal contributions determined by
the density variables and can be expressed as

¢ (60U ¢ (OEy. &2 ) 2
Vert (1, 1) = vn(r) — ed(r, 1) +; (ﬁ) +g ( 5p ) + (W) (A% —A%)
(6.21a)

inf Exc
Air(r, 1) = A(r, 1) + & 5U,“ +€ 5, ) (6.21b)
e\ 0j e\ 9dj

The derivation of these expressions involves lengthy algebra details which can
be found in Ghosh and Dhara [14]. Here, the internal energy Ui, p,j] is
basically the classical Coulomb energy, while the term E,.[p, j] denotes the well-
known XC energy density functional. With a suitable chosen form for E,.[p,jl,
Equations 6.19 through 6.21 have to be solved self-consistently for the density and
the current density.

The picture that emerges here is that the density and current density of the actual
system of interacting electrons characterized by the given external potentials are
obtainable by calculating the same for a system of noninteracting particles moving
in the field of effective scalar and vector potentials ve(r, 1) and A.(r, ), respectively.
It is interesting to note that, in a recent work, Vignale [21] has provided a generaliza-
tion of this aspect proving that the TD density and current density of a many-electron
system evolving under the action of fixed external potentials from an initial quantum
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state can be reproduced in another many-particle system with a different two-particle
interaction subjected to other suitable external potentials and starting from an initial
state which yields the same density and current as the original state.

6.5 LINEAR RESPONSE WITHIN TDDFT

From the discussion so far, it is clear that the mapping to a system of noninteracting
particles under the action of suitable effective potentials provides an efficient means
for the calculation of the density and current density variables of the actual system of
interacting electrons. The question that often arises is whether there are effective
ways to obtain other properties of the interacting system from the calculation of
the noninteracting model system. Examples of such properties are the one-particle
reduced density matrix, response functions, etc. An excellent overview of response
theory within TDDFT has been provided by Casida [15] and also more recently
by van Leeuwen [17]. A recent formulation of density matrix-based TD density
functional response theory has been provided by Furche [22].

Here, we consider the response theory which has been successful for many
investigations. For simplicity, we consider the N-electron system to be initially in
the ground state, which is subjected to an external TD electric field. The density
change 6p(r, f) induced by an external perturbation dve(r,f) can be written in the
response theory framework, in terms of quantities in frequency domain as

Sp(r, @) = Jdr’x(r, ' @)ven(r', ) (6.222)

which can also be rewritten in the form of perturbation in the effective potential
Sves(r', 1) for an equivalent noninteracting system within the Kohn—Sham theory as

Sp(r, w) = Jdr'XO(r, r'; 0)8Verr (1, w). (6.22b)

Here, the frequency-dependent response functions x(r,r’; w) and xo(r,r’; ) corres-
pond, respectively, to the actual interacting system and the equivalent Kohn—Sham
noninteracting system. Using the expression of the effective potential, one can write

OVefi (I, @) = OVey(r, @) + OVscE(r, w) (6.23a)

1
OVscr(r, w) = Jdr, [W + fxe(r, ¥, w) | 8p(r', ), (6.23b)

where fxc(r, ¥, w) is defined in the time domain as

o avXC(r’ t)

=St (6.24)

fxe,r',t—1)
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Using Equation 6.22a for 8p(r', w) in Equation 6.23 and using Equation 6.22b, one
obtains the integral relation involving the two response kernels, viz.,

X, r';w) = xo(r, ;) + Jdr” Jdr”’XO(r, r’;w)

1
X [m + fxc”, x"; w)] X", 1’ w). (6.25)

Thus, the response kernel for the interacting system can be obtained from that of the
noninteracting system if one has a suitable functional form for the XC energy density
functional for TD systems. The standard form for the kernel yo(r,r”;w) for the
noninteracting system, expressed in terms of the Kohn Sham orbitals s(r), their
energy eigenvalues &;, and the occupation numbers ny, is given [17,19] by

lﬂk(r)‘ﬁ(r)l/f;t(l")lﬁ/(r/) .

w— (e —¢&)+in (6.26)

r,r';w) = lim ng —n,
Xo( ) nﬂ0+;(k 0

While the present discussion of the response property is limited to scalar potential
only, an analogous description is also possible for the vector potential and a similar
equation can be derived.

6.6 CONCLUDING REMARKS

In this short review, a brief overview of the underlying principles of TDDFT has
been presented. The formal aspects for TDDFT in the presence of scalar potentials
with periodic time dependence as well as TD electric and magnetic fields with
arbitrary time dependence are discussed. This formalism is suitable for treatment
of interaction with radiation in atomic and molecular systems. The Kohn—Sham-like
TD equations are derived, and it is shown that the basic picture of the original Kohn—
Sham theory in terms of a fictitious system of noninteracting particles is retained and
a suitable expression for the effective potential is derived.

Although TDDFT is considered to be a well-established tool for the investigation
of dynamical properties of molecular systems, development of better and more
accurate XC functionals of density and current density is still an ongoing process.
Spin polarization has been neglected in the present discussion, which is, however,
important particularly in view of the many recent developments in the areas of
magnetism and spintronics. While only a few chosen aspects have been covered in
this chapter to provide a glimpse of the basic formalism, there have been many new
developments in this exciting area of research in recent years.
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7.1 INTRODUCTION

Among various theories of electronic structure, density functional theory (DFT) [1,2]
has been the most successful one. This is because of its richness of concepts and at
the same time simplicity of its implementation. The new concept that the theory
introduces is that the ground-state density of an electronic system contains all the
information about the Hamiltonian and therefore all the properties of the system.
Further, the theory introduces a variational principle in terms of the ground-state
density that leads to an equation to determine this density. Consider the expectation
value (H) of the Hamiltonian (atomic units are used)

83
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1_, . 1 1
H= Z (—Ev,. + vext(r,»)> +3 Z A (7.1)

]

of a system of N electrons. In the expression above, v, (¥) is the potential with which
the electrons are moving in. For example, in an atom vex(7) = —(Z/r), in a molecule
Vext(F) = ZiZ,- / |7— ﬁi , where Z; indicates the nuclear charge on the ith atom of
the molecule and Ri its position, and Ve (¥) = %kr2 if electrons are moving in a
harmonic potential. While in conventional theory the expectation value (H) is
a functional E[V] of the wave function W, in DFT it is [3] a functional E[p] of the
ground-state density p. The density is given in terms of the wave function as

p(P) = NJ|\I’(?, P, T .. Py)[FdRd7; L dRy (7.2)

The equation satisfied by the wave function W, the Schrédinger equation, is obtained
by minimizing the functional E[¥] with respect to ¥, with the energy of the system
appearing as a Lagrange multiplier to ensure the normalization of the wave function.
Similarly in DFT, the equation for the density is obtained by minimizing the
functional E[p] with respect to the density p and leads to the Euler equation

SElp] _
sp(»

where u appears as a Lagrange multiplier to ensure that the density integrates to the
correct number of electrons N. The physical interpretation of w as the chemical
potential and its derivatives has been discussed in other chapters of this book. For the
purposes of this chapter, we note that the chemical potential of an electronic system
equals the negative of its ionization energy when an electron is removed from it and
negative of its electron affinity when an electron is added to it [4].

Equation 7.3 can alternatively be written [5] in terms of single particle orbitals as

(7.3)

p(7)
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(— %W + Vet () + J dr + vxc(F)) b, = eid; (7.4)

where v,.(7) is known as the exchange-correlation potential. This equation is the famous
Kohn—Sham equation of DFT. Its solutions {¢;} are called the Kohn—Sham orbitals. By
construction, the connection of this equation with Equation 7.3 is through the following
two relations: (1) density p(¥) is given in terms of the single particle orbitals as

(=3l (15)

and (2) the chemical potential w is equal to the eigenvalue &, of the highest
occupied orbital, i.e.,

M = Emax (76)
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Coupled with the fact that the chemical potential equals the ionization energy of a
system, Equation 7.6 implies that the eigenvalue &, will be equal [4] to the
negative of the ionization potential / of a system, i.e.,

Emax = —1 (7.7

This is known as the ionization potential theorem. Equation 7.7 between &,,x and
ionization potential / can also be obtained alternatively by looking at the asymptotic
behavior of the density of a many-electron system. For atoms and molecules, the
asymptotic decay of the density is given as [6—11]

p(r — o0) ~ exp(—2\/2_1r) (7.8)

On the other hand, asymptotic density of the corresponding Kohn—Sham system is
determined completely by the highest occupied orbital and is given as

p(r — 00) ~ exp (-2 V —2&max?) (7.9

A comparison of Equations 7.8 and 7.9 leads to Equation 7.7.

As an example of these ideas, we plot in Figure 7.1 the exact Kohn—Sham
potential for the neon atom. The potential has been obtained by applying the
Zhao—Parr (ZP) method [12], which generates the exact Kohn—-Sham potential
for a given density to a highly accurate density of neon [13]. The corresponding

Vie (@)
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r(a.u.)

FIGURE 7.1 Exchange-correlation potential V,, (in atomic units) for neon as a function of
distance r (in atomic units) from the nucleus. The potential is obtained from the ground-state
density by employing the ZP method.



86 Chemical Reactivity Theory: A Density Functional View

Emax €quals —0.773 a.u. that has essentially the same magnitude as the experimental
ionization potential of neon, which is [14] 0.793 a.u.
The total energy of the system in terms of the Kohn—Sham orbitals is given as

Elp] :Z<

1

=Yas “&pﬁ)d 7~ [P NT + Elp) (7.10)

1 2
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¢>,»> [ eurpirar +2jj%d FAF' + Exlp)

In the equation above, the functional E,[p] is the exchange-correlation (XC) energy
functional and is the sum of the conventional quantum mechanical XC energy

< > [P g

and the difference
\P> -> <¢,~

(o

between the kinetic energy of the true system and that of the Kohn—Sham system.
Thus the XC energy in Kohn—Sham theory is given as

bt~ (v v) [ oy

2

We note that T, is small in magnitude; in the above example of neon its value is 0.34
a.u. in comparison to the total kinetic energy, which is 128.93 a.u. and the quantum
mechanical XC energy, which is 12.79 a.u. (see Ref. [15] for results for a number of
atoms including neon).

In the Kohn—Sham equation above, the Coulomb potential and the XC potential
are obtained from their energy counterparts by taking the functional derivative of the
latter with respect to the density. Thus

Z |r,—r,\

1 1
2. —3Vi -5V

l

¢i> (7.12)
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vxc(7) = BEXC [p] (715)
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However, while the Coulomb potential above is easy to understand—it is the
electrostatic potential produced by the charge distribution p(¥)—physical meaning
of the XC potential is not clear. The focus of this chapter is in providing this
understanding. For this, we begin with the definition of the exchange-correlation
energy in terms of the corresponding XC hole.

7.2 EXCHANGE-CORRELATION ENERGY AND EXCHANGE-
CORRELATION HOLE

We start with a physical understanding of the conventional XC energy in terms of
XC hole. To see this, we write the conventional XC energy in Equation 7.11 as

EM[p] = 1 JJ p(7)

2 )=
y {N(N— 1)
p(7)

J\\If(?, PR L RydR L dRy — p(?’)}d?’d?’ (7.16)

after performing some algebraic manipulations and using the fact that | ¥ (¥}, 75, ... )|2
is symmetric with respect to an interchange of 7; and 7;. We identify the expression in
curly brackets in Equation 7.16 as the XC hole

pM(F 7 — {M J|\p(7, FLT L Py . dFy — p(?')} (7.17)
p(7)

and write the XC energy as

1 r -\ QM —*’ =/
EQ'lp) =5 J dem?’ (7.18)

7]

Thus the XC energy is the energy of interaction between the electrons and a charge
distribution represented by p@M(#, 7). The question we wish to answer now is
whether the expression in Equation 7.18 is just the rewriting of the XC energy in a
different way or does it have a physical interpretation. We now show that it indeed
has a physical interpretation: the term represents the deficit in the density of electrons
at 7/ when an electron is at 7.

Since the probability density of finding an electron at 7 is p(¥)/N, one expects
the probability density P,(7, ') that one electron is at 7 and another at 7/, would be
given by multiplying the probability density p(7)/N that an electron is found at 7
and the probability density that another electron (from the N — 1 left) is found at 7.
Normally one would calculate the latter by subtracting from density p(7'), the
average density of one electron p(7')/N and dividing the resulting expression by
(N—1). Thus,
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— 1 =/
Py(F, 7) = % VT {p(i") _pg)} (7.19a)
_ P p()
== (7.19b)

which is nothing but the product of the two probability densities. This, however,
would be true only if all the electrons were moving independent of each other and
therefore an electron does not affect the motion of any other electron. On the other
hand, this is not the case in an interacting electron system. Thus this probability is
modified. The probability density that an electron is at 7 and another at 7 is given by
f|qf(?, 7, 7, ...,?'N)|2 dr; ... d7y. We now rewrite it, after some manipulations, in
the form given by Equation 7.19a as

71
PP =20
NN — 1
x |:p(7/)+{% Jl‘l’(?, P, ..y dF ...d?N—p(?')H (7.20)

Further, if the wave function depends also on the electron spins, spin variables over
all electrons should also be integrated; we will see this below, in the calculation of
exchange hole. The expression in the curly brackets above is exactly the XC
hole pM(7, #') defined in Equation 7.17. A comparison with Equation 7.19a
shows that adding the hole to the density is similar to subtracting the density of
one electron p(7")/N from it. The hole thus represents a deficit of one electron from
the density. This is easily verified by integrating p@M(¥, #') over the volume d7/,
which gives a value of —1. However, the structure of the hole is not simple and this
is because of the motion of different electrons correlated due to the Pauli exclusion
principle and the Coulomb interaction between them. Finally we note that the
product p(F)pM(7, 7') is symmetric with respect to an exchange in the variables
Fand 7.

The physical picture that emerges out of the exercise above is that the electron—

electron interaction energy
1 1
<2 2 Fm fj|>
%

is not simply the Coulomb energy of a charge distribution given by p(¥) corrected
only for the electronic charge being finite. If that were the case, this energy would be
obtained by subtracting the self energy of N electrons from the Coulomb energy of
charge distribution p(7) and will be given as

I\ 1 [[p@pG)
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Rather, the energy is given by the expectation value
< Z B |> “ ‘(f)p(rfd Fd7' + EQ (7.22)
ri — r

The XC energy represents the correction to the Coulomb energy for the self-energy
of an electron in a many-electron system. The latter is due to both the direct self-energy
of the electron as well as the redistribution of electronic density around each electron
because of the Pauli exclusion principle and the Coulomb interaction. As an
example, we now discuss the case of Fermi hole and the exchange energy in
Hartree—Fock (HF) theory [16]. For brevity, we restrict ourselves to closed-shell cases.

7.2.1 ExcHANGE ENERGY AND EXCHANGE HOLE

For a closed-shell system, the wave function in HF theory is given as a Slater
determinant

X1 xix2) o xGw)
1[G xa(a) o Xxaw)
Yy =——| ... 7.23
TUVE o
v xyG) o xvew)

where x = (¥, o) represents the space and spin variables of an electron and y(x) =
do(F)a(o) or x(x) = ¢, (F)B(0) are the spin orbitals. Here we have explicitly taken
into account the possibility that the space orbitals may have a dependence on the
spin. The wave function can alternatively be written as

1
Vir = Epj (=D PO X2 (2) - X)) (7.24)
where P represents a permutation of the electron variables (x, x, ..., xy). In this

case, the Fermi—-Coulomb hole is known as the Fermi hole p (7, 7) because HF wave
function has only the Pauli exclusion principle and not the Coulomb correlations
built into the wave function. Substituting Equation 7.24 in Equation 7.17 for the hole
results in

S DD PG F o)xa 02) - xyw)

PP

Gy VW=D 1

X P'(x, (7, o)x,(F, 02) ... xy(n))do1dordxzdxy . . . dxy — p(F) (7.25)

and describes the deficit in the density of the electron at 7’ if there is an electron at 7,
irrespective of their spins. That is why their spins (o, o) have been integrated over
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(integration over spin implies a sum over them). To evaluate the expression in
Equation 7.25, we write the permutation over the variables (7, o) and (¥, 0,)
explicitly so that one of the permutations is

PU(XI(?7 0’1))(2(7/’ 0-2) . 'XN('XN)) = X[(F7 O-I)Xj(?/7 O-Z)PN72
X ((N —2) spin orbitals) (7.26)

Here Py_, represents the permutations over the rest (N — 2) orbitals, and i and j are
two occupied spin orbitals. Thus the sum over permutations is Y, = Z,;Z, Doy,
For a given permutation Py, there will be two permutations contributing from P’ that
have rest of the orbitals in the same order, P;j with a positive sign and P}i with a
negative sign. Thus the expression under the integral sign in Equation 7.25 can be
written as

JZ)(,*(?, o)X, o) o)X, 02) — xi(F, 02)x;(F, or1))dordory
i
x J > (=D (=1)Pv 2Py (N — 2) orbitals)P)y_,((N — 2) orbitals) dysdy, . .. dxy
Py, Py,

(7.27)

The second integral above is a standard integral in the HF theory and gives (N —2)!
In the first integral, we can remove the restriction (j # i) in the summation because
that term cancels. Second, the integration over the spin variables forces the spin
of the ith and jth orbitals to be the same in the second term inside the curly brackets.
Taking all these facts into account, the Fermi hole comes out to be

/ 1 * - * =/ =/ -
PR =~ Z G (FVD} 5 (b1, (P, () (7.28)

Thus in HF theory, the deficit in density around an electron at 7 arises solely from
electrons of the same spin. The corresponding exchange energy is given as

1 d)zg-i(?)d);g—j(?l)(bi,a'i(?l)d)j,a'j(?) N
E, = -3 ZJ: J o7 drdr (7.29)

Note again that the product p(F)p(7,7') is also symmetric with respect to an
interchange of 7 and 7'.

In the above discussion, we have shown that the conventional exchange-
correlation energy of a many-electron system can be thought of as the energy of
interaction between the electrons and the Fermi—Coulomb hole. In Kohn—Sham DFT
too, the XC energy can be expressed [17] in exactly the same manner, except that the
Fermi—Coulomb hole is going to be slightly different from that given above because
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it also includes the effects of the difference in the kinetic energy given by Equation
7.10 above. Thus

L[ (e G 7
EX Pl =3 ” ¢ drdr’ (7.30)

=7
The expression for the XC hole of Kohn—Sham theory is derived by a coupling
constant integration over the quantum mechanical expression. The exchange hole
and the exchange energy, on the other hand, are calculated by employing the Kohn—
Sham orbitals in the expressions of Equations 7.28 and 7.29. We note that the XC
hole of DFT also satisfies the symmetry that the product p(#)pRFT(7, 7') remains
unchanged if 7 and 7’ are interchanged in it.

7.3 EXCHANGE-CORRELATION POTENTIAL
FROM THE FERMI-COULOMB HOLE

Having understood the physical meaning of the XC energy in terms of the corre-
sponding hole, the next step would be to apply the same meaning to the XC potential
of Equation 7.4 and calculate it as the electrostatic potential arising from the XC
hole. Thus one is tempted to write the XC potential as

pre (7 7)
7]

Vxe(F) = J dr’ (7.31)

-

Can this be true? Let us examine it in the case of exchange potential because it can be
calculated in terms of orbitals.

7.3.1 EXCHANGE POTENTIAL

The exchange potential of Equation 7.31 is called the Slater potential [12], because it
was Slater who had proposed [18] that the nonlocal exchange potential of HF theory
can be replaced by the potential

= =
pSlater ) — Jp 7)) (7.32)

=7

so that the solution of HF equations is simplified. In Figure 7.2 we compare the
exact exchange potential obtained by applying the ZP method to the HF density
(obtained from the analytical HF orbitals [19]) and self-consistently determined
Slater potential for the neon atom. It is seen that the Slater potential overestimates
the exact exchange potential over the entire atom. In the outer regions, however, both
the potentials go as —(1/r). What could be the reason for this overestimate? We now
answer this question.

The key to understanding the difference between the Slater potential and the
exact exchange potential lies in the explicit dependence of the Fermi hole p, (7, 7) on
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FIGURE 7.2 Different exchange potentials V, (in atomic units) for neon, as functions of
distance r (in atomic units) from the nucleus. The solid line indicates the potential obtained
from the HF density by employing the ZP method, long dashes (—) the W potential of
Equation 7.31 and short dashes (----) the Slater potential of Equation 7.29.

position 7 of the electron. Because of this dependence, the Fermi hole changes [16,20]
as an electron moves in a many-electron system. In such a situation, calculating the
electrostatic potential as given by Equation 7.32 is not correct. Rather the potential
should be calculated [20] as the work done in moving an electron in the electric field

p.(7, ")

S (F = 7dr’ (7.33)

7

of the Fermi hole. Note that if the Fermi hole did not depend on the position of
the electron, the field in Equation 7.33 would have been equal to the gradient of the
Slater potential of Equation 7.32; it is not precisely because p,(7, ') depends on
position 7. We draw a parallel of this proposal with a textbook example. Consider the
surface charge density induced on the surface of a grounded conductor because of a
charge in front of it. The charge density depends on the position of the charge in
front. In this case too, the image potential is not the electrostatic potential as
calculated using the standard formula. However, if the work done in moving the
charge in the electric field of the induced charge is calculated, it is indeed the correct
way of calculating the potential and gives the image potential. Let us, therefore, write
the exchange potential as

—

Wi (F) = — J Fy(@)-dl (7.34)
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At this point one question must be answered: Is the potential calculated in the manner
above path independent [21]? Equivalently, is the field given by Equation 7.33 curl-
free? For one-dimensional cases and within the central field approximation for
atoms, it is. For other systems, there is a small solenoidal component [21,22] and
we will see later that it arises from the difference in the kinetic energy of the true
system and the corresponding Kohn—Sham system (in this case the HF system and its
Kohn—Sham counterpart). For the time being, we explore whether the physics of
calculating the potential in the manner prescribed above is correct in the cases where
the curl of the field vanishes.

Plotted in Figure 7.2 is also the self-consistently determined exchange potential
W, for neon. As is evident from the figure, the potential is highly accurate. This
indicates the correctness of the physics invoked to calculate the potential as the work
done in moving an electron in the field created by its Fermi—Coulomb hole. Notice
that we have calculated the potential directly from the hole rather than taking the
functional derivative of the exchange energy functional, as is done in Equation 7.15.
We now connect the exchange potential of Equation 7.34, potential and the exchange
energy given by Equation 7.29, mathematically.

The relationship between the exchange potential of DFT and the corresponding
energy functional is established through the virial theorem. The two are related via
the following relationship derived by Levy and Perdew [23]

E, = — J p(P)F - Vv (F)d7 (7.35)

Since the gradient of the potential is the field given by Equation 7.33, its substitution
in Equation 7.35 gives

- 7 — 7)drd?’ (7.36)
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Now interchanging 7 and 7’ in Equation 7.36 does not affect the value of the integral
above. Thus the exchange energy can be written as the sum of expression of
Equation 7.36 and that obtained by interchanging 7 and 7' and dividing the sum by
2. This immediately leads to the exchange energy expression of Equation 7.29. Thus
we see that the exchange potential proposed satisfies the virial theorem sum rule that
connects the local potential of Kohn—Sham theory to the corresponding energy
functional. The next question that we ask is if self-consistent solutions of Equation
7.4 can be obtained with the proposed exchange potential. The answer is in the
affirmative and we discuss the results next.

7.3.1.1 Self-Consistent Solutions for the Ground States

Given in Table 7.1 are the results [24] of the total energy of some atoms obtained
by solving the Kohn—Sham equation self-consistently with the exchange potential
W, within the central field approximation. The energy is obtained from Equation 7.10
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TABLE 7.1
Negative of the Energies (Atomic Units) of Some Atoms
Calculated with the Potential W, Equation 7.34

Atom Configuration Wy HF

He 1%('S) 2.862 2.862
Be [He]2s%('S) 14.571 14.573
C [He]2s*2p*(°P) 37.685 37.689
0 [He]2s%2p*CP) 74.805 74.809
Ne [He]2s%2p%('S) 128.542 128.547
Al [Ne]3s%3p' (°P) 241.868 241.877
Cl [Ne]3s%3p°(°P) 459.472 459.482
Ar [Ne]3s23pS('S) 526.804 526.818
Ca [Ar]4s%('S) 676.743 676.758
Kr [Ar]3d"%4s%4p°('S) 2752.030 2752.055

Note: Comparison is made with the corresponding HF energies. Note that the Wy
energies are slightly above those of HF.

by substituting the exchange energy of Equation 7.29 for the exchange-correlation
energy. As such, the results are compared with those of HF theory [25]. As is evident
from the numbers presented, the local exchange potential W, gives the energies
which are very close to their HF counterparts. In fact, the difference is in parts per
million (ppm). It will be discussed later why this potential leads to slightly higher
energies.

In Table 7.2, we show the eigen energies corresponding to the highest occupied
orbital of the atoms in Table 7.1. Again it is seen that these eigen energies are very
close to their HF counterparts as well as the negative of their ionization energies.

A severe test that a potential can be put to is to see whether it can give self-
consistent solutions for the negative ions. The potential proposed above gives the
solutions [26] for the negative ions also with energies close to their HF energies. The
energies for the negative ions of hydrogen, lithium, fluorine, and chlorine are shown
in Table 7.3. In Table 7.4, the eigen energies for the highest occupied orbital are
shown and compared with the corresponding HF eigenvalues and the experimental
electron affinity [27] of the neutral atoms (ionization energy of the negative ions).
The accuracy of the numbers obtained is self-evident.

7.3.1.2 Excited States

An advantage of obtaining the exchange potential Wy through physical arguments is
that unlike its Kohn—Sham counterpart, it is equally valid for the excited states [20].
Thus the densities and energies of excited states can also be obtained by solving
Equation 7.4 in the excited-state configuration and by employing potential W, for
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TABLE 7.2

Negative of the Highest Occupied Orbital Eigen
Energies (Atomic Units) of Some Atoms Calculated
with the Potential W, Equation 7.34

Experimental

Atom W,y HF lonization Potential
He 0.918 0.918 0.904
Be 0.313 0.310 0.343
C 0.409 0.434 0.414
(6] 0.625 0.632 0.500
Ne 0.857 0.850 0.793
Al 0.203 0.210 0.220
Cl 0.503 0.507 0.477
Ar 0.589 0.591 0.579
Ca 0.201 0.196 0.250
Kr 0.518 0.524 0.515

Note: Comparison is made with the corresponding HF energies and
experimental ionization potential.

the XC potential. The excitation energy is then calculated as the difference in the
excited-state energy and the ground-state energy. A large number of calculations for
the excited states of atoms have been performed [28] employing the potential Wy
alone or by employing the sum of W, and a local correlation potential. All these
calculations give highly accurate results for the excitation energies of the systems
studied. As a demonstration, we discuss the case of excited states of negative ions.
As pointed out above, negative ions pose a real challenge for a theory to be tested.

TABLE 7.3

Negative of the Energies (Atomic Units)
of Some Negative lons Calculated with
the Potential W, Equation 7.34

lon W, HF

H 0.488 0.488
Li~ 7.427 7.428
F 99.455 99.459
Cl™- 459.565 459.576

Note: Comparison is made with the corresponding HF
energies.
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TABLE 7.4

Negative of the Highest Occupied Orbital Eigen
Energies (Atomic Units) of Some Negative lons

Calculated with the Potential W, Equation 7.34

Experimental

Ion Wy HF Electron Affinity [20]
H™ 0.046 0.046 0.028
Li~ 0.015 0.015 0.023
F~ 0.178 0.181 0.125
Cl™ 0.144 0.150 0.133

Note: Comparison is made with the corresponding HF energies and
experimental electron affinity of the corresponding neutral atoms.

In Table 7.5, we display the results [29] for energies of some excited states of the
negative ions Li~ and Be™ of lithium and beryllium. The calculations have been
performed both at the exchange-only level by employing the potential W alone, and
also at the XC level by adding the Lee—Yang—Parr (LYP) [30] correlation potential to
Wy. The exchange-only results are compared with those of HF theory [31] and the
XC results with other accurate calculations [32]. As these results show, the accuracy
of the potential W, in obtaining the excited-state energies is the same as that for the
ground-state energies. In Table 7.6, we show the transition wavelengths correspond-
ing to two transitions in these ions as calculated [29] using the (W, + LYP) potential.
A comparison with the experimental numbers [32,33] given in the table shows the
results obtained to be highly accurate.

TABLE 7.5
Negative of the Energies (Atomic Units) of Some Excited States
of Li” and Be™ along with the HF and the Fully Correlated Energies

lon State W, HF W, +LYP Literature

Li~ 152s2p°(CP) 5.364 5.364 5.393 5.383-5.387
1s2p°(°S) 5.222 5.223 5.261 5.254-5.256
152s2p3p(°P) 5.329 — 5.368 5.368

Be™ [He]2s2p(*P) 14.508 14.509 14.581 14.571-14.578
[He]2p*(*S) 14.327 14.328 14.408 14.400-14.406
152s2p°(°S) 10.428 10.429 10.476 10.462-10.471

Note: The present results at exchange-only level are given in the third column (W) and
those with correlation included in the fifth column (W +LYP).
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TABLE 7.6
Transition Wavelengths (in nm) for Transitions in Li~ and
Be ™ as Calculated Employing the (W, -+ LYP) Potential

Wavelength
Transition (W, +LYP) Experiment
Li~ 152s2p*(°P)—1s2p°(’S) 345.96 349.07, 349.0
Be ™ [Hel2s2p(*P)—[He]2p (*S) 264.14 265.301, 265.318, 265.331

Note: Comparison is made with the corresponding experimental numbers.

As is evident from the above, both the physics invoked to derive the potential of
Equation 7.31 and the numerical results presented show that W, gives an accurate
exchange potential for the excited states. When the proposal was initially made, there
was no mathematical proof of the existence of a Kohn—Sham equation for excited
states. It is only during the past few years that DFT of excited states [34-37], akin to
its ground-state counterpart, is being developed.

An important aspect of calculations with potential W is that the transition energy
of a single-electron excitation is well estimated [38] by the eigen energy difference
obtained in a ground-state calculation, of the orbitals involved in transition. The
same is not the case in HF theory. This is because in HF theory the eigen energy of
the unoccupied orbital corresponds to that of an (N + 1) electron system, whereas in
calculations with a local potential this is not the case. Thus the eigen energy
differences as obtained in a calculation performed with Wy potential can be taken
to give a decent estimate of the energy difference between an excited state and the
ground state. For example, experimental transition energies [39] in Na atom for
transitions 3°S —4°S, 3°S —5°S, 3°S —3°P, and 3°S—4°P are 0.117, 0.151,
0.077, and 0.138 a.u., respectively. The corresponding Wy eigenvalue differences
are [31] 0.115, 0.153, 0.079, and 0.141 a.u.

Having shown the correctness of physics in calculating the exchange potential
as the work done in moving an electron in the electric field of its Fermi hole,
we next discuss if the XC potential could also be obtained in the same way from
the Fermi—Coulomb hole. We will see that in calculating the XC potential in the
prescribed manner, the kinetic energy contribution to it, as indicated by Equation
7.13 is left out. Following that we discuss the work of Holas and March [40] who
proved that the XC potential can indeed be thought of as the work done in moving
an electron in a field, which is the sum of the field of its Fermi—Coulomb hole and
a very small field arising from the difference as given by Equation 7.12 in the
kinetic energy of an interacting and a noninteracting system, and in the process
deriving an expression for the latter. Further, we will see that it is precisely this
difference in the kinetic energy that is responsible [41] for the slight difference
in the energies of atoms obtained by employing the W, potential and those of
HF theory.
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7.3.2 ExcHANGE-CORRELATION POTENTIAL

If we wish to obtain the XC potential of Equation 7.15 as the work done in moving
an electron in the field of its Fermi—~Coulomb hole p, (7, 7’), we first calculate the
field as

DFT !
FDFT(7) = J—(r F)( — #)dF’ (7.37)

XC |—'
and then obtain the potential

Wi (F) = FOFT @y . dl (7.38)

8%\1

by doing a line integration. Let us first see if the potential derived in this manner
satisfies the Levy—Perdew relationship [23], similar to the one in Equation 7.35, for
the XC potential. The relationship for the XC potential is given as

Ed =~ Jp(?)?- V()7 + T, (7.39)

where T, is given by Equation 7.12. Now if we substitute the expression for F’ DFT("')
of Equation 7.37 for the gradient vac(_') of the XC potential in Equation 7.39 and
use the symmetry of the product p(¥)py; DFT(7 ') with respect to an interchange of 7
and 7/, we get

T.=0 (7.40)

which is not correct [42]. Thus the definition (Equation 7.38) for the exchange-
correlation potential misses out on the kinetic energy component of the XC energy
and potential of DFT. In other words, the definition (Equation 7.38) represents the
potential only due to the quantum mechanical exchange-correlation hole p@M(7, 7).
In the original work, it was therefore proposed [43] that this component has to be
added separately and would represent the functional derivative 8T,[p]/8p(¥), i.e., the
kinetic energy component of the DFT exchange-correlation potential. How this
component is obtained from the many-particle wave function became clear only
after Holas and March [40] derived the differential virial theorem and on the basis of
it, obtained an expression for the XC potential as a line integral. This, in turn, also
gives a mathematical derivation starting from the many-electron Schrodinger equa-
tion of our physical interpretation of the XC potential. Next we discuss the derivation
by Holas and March.
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7.4 DIFFERENTIAL VIRIAL THEOREM AND EXCHANGE-
CORRELATION POTENTIAL

We now look at how the ideas developed so far on the basis of purely physical
arguments, can be derived starting from the many-body Schrodinger equation. This
is done through the differential form of the virial theorem. Consider the Hamiltonian
of Equation 7.1 and its eigenfunction W(¥, 7>, ..., Fy) for a bound state. Then the
differential virial theorem relates the gradient Vvye(F) of the external potential to
the wave function through the following relationship:

- 1 -
~Vve(F) = = == VV2p(F) +

(F) J F—7)
4p(7)

= )+ pN(F, 7))dF (7.41
o) ‘?_?,‘3(/3() p (7, 7))d7" (7.41)

where pM(7, 7) is the XC hole as given by Equation 7.17, and vector Z(F) is related
to the kinetic energy tensor defined next. The kinetic energy tensor

laB(7) =
1 - WHF, Py T ?N)a;)w RGO N Y N . (7.42)
- 5 oL D s o o L |didis ... diy
I\ 4 =V, P T oo P) 5= W (R, o, T o Ty L
g Ma Fi=i=F

where «, 8 =1,2,3 stand for the Cartesian components. The component z, of the
vector 7(7) is related to the kinetic energy tensor through the relationship

0 S
Za = 2; By w8(F) (7.43)

The quantity f,5() is known as the kinetic energy tensor because the total kinetic
energy T is related to it through Z(7) as

2T = Jp(?)?'- Z(7)d7 (7.44)

The reason why the relationship in Equation 7.41 is called the differential virial
theorem is because if we take the dot product of both sides with vector 7, multiply
both sides by p(7), and then integrate over the entire volume, it gives

- 1
2T = (WD 7 Vil veu@) + ) 77 | Y (7.45)
i j ! J
J#i

which is the global virial theorem.
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Our aim here is to apply the differential virial theorem to get an expression for
the Kohn—Sham XC potential. To this end, we assume that a noninteracting system
giving the same density as that of the interacting system exists. This system satisfies
Equation 7.4, i.e., the Kohn—Sham equation. Since the total potential term of Kohn—
Sham equation is the external potential for the noninteracting system, application of
the differential virial relationship of Equation 7.41 to this system gives

(G e G 1))
3 P(F)AF — Vv (F) = 4—p(?)vv p(r)+p(?) (7.46)

_ﬁvexl(?) + J

=7

Here the vector Zs(F) is constructed from the kinetic energy tensor obtained
by employing the solutions of the Kohn—-Sham equation in Equation 7.42. Thus
it is, in general, different from the vector Z(F). A comparison of Equations 7.41 and
7.46 gives

ﬁvxc 7 =

) -3 [F=7) o o o
p(?)s - J 7 — 7 G (7.47)

Performing a line integral of the vector field given on the right-hand side of the
equation above leads to the exact XC potential of a system. We now compare this
expression with that of Equation 7.38 that calculates the exchange-correlation
potential as the work done in moving an electron in the field of its XC hole.

The exact expression of Equation 7.47 also calculates the XC potential as the
work done in moving an electron in a field that is a sum of the electric field due to its
Fermi—Coulomb hole and a non-Coulombic field related to the difference in the
kinetic energy tensor of the interacting and Kohn—Sham systems. It is easily verified
that the potential given by Equation 7.47 satisfies the Levy—Perdew relationship of
Equation 7.39. Further, the curl of the expression on its right-hand side vanishes
because it represents the gradient of a scalar function. As noted in the beginning, the
value of the difference in the kinetic energies of the interacting and Kohn—Sham
systems is very small. Thus, although numerically the term (Z(F) —Zs ()/p(7))
represents a very small correction to the potential of Equation 7.38, it is significant
for important qualitative reasons.

As noted above, the curl of the expression on the right-hand side of Equation
7.47 vanishes. However, it does not mean that the Coulombic and non-Coulombic
components—the former is the electric field produced by the Fermi—Coulomb
hole and the latter arises from the kinetic energy tensor—of this field also have
vanishing curl. Thus the potential W,. of Equation 7.38 may sometimes be path
dependent [21].

7.4.1 DIrFrereNTIAL VIRIAL THEOREM AND HARTREE—FOCK THEORY

Now we discuss the differential virial theorem for HF theory and the corresponding
Kohn—Sham system. The Kohn—Sham system in this case is constructed [41] to
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reproduce the HF density. As such, the equation describing the differential virial
theorem in HF theory is

1

> = o zur(7) F-7)
e = — V() + D) J
[ 4pyr(7r) PHE pur() |7 — F’P
X (pur(™) + p, (7, 7))dF”’ (7.48)

where the subscript “HF”” implies that all the quantities in the equation above have
been calculated by employing HF orbitals. Similarly, the XC hole py(7, F') is now
replaced by the Fermi hole p,(¥, ') calculated by using HF orbitals in Equation 7.28.
The local exchange potential v,(¥) whose orbitals give the same density then has the
gradient

Vi (F) = p, (7, 7P (7.49)

Zur(F) — Zs(7) J F—7)

Pur(P) P -7

Thus for the exchange potential also there is a non-Coulombic contribution arising
from the difference in the kinetic energy of the HF theory and the corresponding
Kohn—Sham theory, although both the theories are based on single-particle orbitals.
This is expected as the Kohn—Sham system is constructed to reproduce the HF
density only and it does not mean that the corresponding kinetic energy will also
be equal to the HF kinetic energy. It is because of this difference that the exchange
potential W, of Equation 7.34, calculated from the Fermi hole alone, may also be
path dependent. However, as the results presented in Sections 7.3.1.1 and 7.3.1.2
show, this difference is not very significant numerically.

7.5 CONCLUDING REMARKS

In this chapter, we have discussed how the XC potential of Kohn—Sham theory can
be interpreted in a physical way. Before this work, the potential was thought of
purely in mathematical terms as the functional derivative of the XC energy func-
tional; within the exchange-only theory, the local exchange potential was generated
[44] numerically by looking for a local potential whose orbitals minimize the HF
expression for the energy. Our work therefore provides an alternate way of under-
standing the exchange and XC potential. Further, the potential is absolutely general
and can be applied to the ground as well as excited states. In fact, when the
interpretation was proposed, there was no other theory that could be applied to
perform excited-state calculations with a local potential.

Mathematical derivation of the potential as the work done in moving an electron
in a field is provided through differential virial theorem. The theorem proves that the
XC potential of Kohn—Sham theory is indeed the work done in moving an electron in
the field of its Fermi—Coulomb hole plus a non-Coulombic field related to the
difference in the kinetic energies of the interacting and the corresponding Kohn—
Sham system. This way of looking at Kohn—Sham theory has also been given the
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name Quantal Density-Functional Theory, and many results derived and understood
(as an example see Refs. [45,46]) on the basis of the physical interpretation are
discussed in an eponymous book [47].
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8.1 INTRODUCTION

Since the early days of quantum mechanics, the wave function theory has proven to
be very successful in describing many different quantum processes and phenomena.
However, in many problems of quantum chemistry and solid-state physics, where the
dimensionality of the systems studied is relatively high, ab initio calculations of
the structure of atoms, molecules, clusters, and crystals, and their interactions are
very often prohibitive. Hence, alternative formulations based on the direct use of
the probability density, gathered under what is generally known as the density matrix
theory [1], were also developed since the very beginning of the new mechanics. The
independent electron approximation or Thomas—Fermi model, and the Hartree and
Hartree—Fock approaches are former statistical models developed in that direction
[2]. These models can be considered direct predecessors of the more recent density
functional theory (DFT) [3], whose principles were established by Hohenberg,

105
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Kohn, and Sham [4,5] in the mid-1960s. According to this theory, the fundamental
physical information about a many-body system is provided by single-particle
densities in a three-dimensional space, which are obtained variationally within a
time-independent framework. When compared with other previous formalisms, DFT
presents two clear advantages: (1) it is able to treat many-body problems in a
sufficiently accurate way and (2) it is computationally simple. This explains why it
is one of the most widely used theories to deal with electronic structure—the
electronic ground-state energy as a function of the position of the atomic nuclei
determines molecular structures and solids, providing at the same time the forces
acting on the atomic nuclei when they are not at their equilibrium positions.
At present, DFT is used routinely to solve many problems in gas phase and
condensed matter. Furthermore, it has made possible the development of accurate
molecular dynamics schemes in which the forces are evaluated quantum mechanic-
ally “on the fly.” Nonetheless, DFT is a fundamental tool provided the systems
studied are relatively large; for small systems, standard methods based on the use of
the wave function render quite accurate results [6]. Moreover, it is also worth
stressing that all practical applications of DFT rely on essentially uncontrolled
approximations [7] (e.g., the local density approximation [4,5], the local spin-density
approximation, or generalized gradient approximations [8]), and therefore the valid-
ity of DFT is conditioned to its capability to provide fairly good values of the
experimental data.

As mentioned above, standard DFT is commonly applied to determine ground
states in time-independent problems. Hence, reactive and nonreactive scatterings as
well as atoms and molecules in laser fields have been out of the reach of the
corresponding methodology. Nevertheless, though it is less known than the standard
DFT, a very interesting work in this direction can also be found in the literature
[9-15], where DFT is combined with quantum hydrodynamics (or quantum fluid
dynamics [QFD]) (QFD-DFT) in order to obtain a quantum theory of many-electron
systems. In this case, the many-electron wave function is replaced by single-particle
charge and current densities. The formal grounds of QFD-DFT rely on a set of
hydrodynamical equations [10-12]. It has the advantage of dealing with dynamical
processes evolving in time in terms of single-particle time-dependent (TD) equa-
tions, as derived by different authors [14]. Apart from QFD-DFT, there are other
TD-DFT approaches based on similar grounds, such as the Floquet DFT [16,17] or
the quantal DFT [18]. Furthermore, we would like to note that TD-DFT does not
necessarily require to pass through a QFD or QFD-like formulation in order to
be applied [19]. As happens with standard DFT, TD-DFT can also be started
directly from the many-body TD Schrodinger equation, the density being deter-
mined from solving a set of TD Schrodinger equations for single, noninteracting
particles [12].

Although trajectories are not computed in QFD-DFT, it is clear that there
is a strong connection between this approach and the trajectory or hydrodynamical
picture of quantum mechanics [20], independently developed by Madelung [21], de
Broglie [22], and Bohm [23], which is also known as Bohmian mechanics.
From the same hydrodynamical equations, information not only about the system
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configuration (DFT calculations) but also about its dynamics (quantum trajectories)
is possible to obtain. This fact is better understood when the so-called quantum
potential is considered, as it allows to associate the probability density (calculated
from DFT) with the quantum trajectories. Note that this potential is determined by
the curvature of the probability density and, at the same time, it governs the
behavior displayed by the quantum trajectories. Because of the interplay between
probability density and quantum potential, the latter conveys fundamental physical
information: it transmits the nonseparability contained in the probability density
(or, equivalently, the wave function) to the particle dynamics. This property, on the
other hand, is connected with the inherent nonlocality of quantum mechanics [24],
i.e., two distant parts of an entangled or nonfactorizable system will keep a strong
correlation due to coherence exhibited by its quantum evolution.

The purpose of this chapter is to show and discuss the connection between
TD-DFT and Bohmian mechanics, as well as the sources of lack of accuracy in
DFT, in general, regarding the problem of correlations within the Bohmian frame-
work or, in other words, of entanglement. In order to be self-contained, a brief
account of how DFT tackles the many-body problem with spin is given in Section
8.2. A short and simple introduction to TD-DFT and its quantum hydrodynamical
version (QFD-DFT) is presented in Section 8.3. The problem of the many-body
wave function in Bohmian mechanics, as well as the fundamental grounds of this
theory, are described and discussed in Section 8.4. This chapter is concluded with a
short final discussion in Section 8.5.

8.2 MANY-BODY PROBLEM IN STANDARD DFT

There are many different physical and chemical systems of interest, which are
characterized by a relatively large number of degrees of freedom. However, in most
of the cases, the many-body problem can be reduced to calculations related to a
sort of inhomogeneous gas, i.e., a set of interacting point-like particles which
evolve quantum mechanically under the action of a certain effective potential
field. This is the typical DFT scenario, with an ensemble of N electrons in a
nuclear or external potential representing the system of interest. DFT thus tries
to provide an alternative approach to the exact, nonrelativistic N-electron wave
function W(rysy, ...,rysy), which satisfies the time-independent Schrodinger
equation and where ry and sy are the space and spin coordinates, respectively.
Because the methodology based on DFT is easy and computationally efficient in its
implementation, this theory is still enjoying an ever-increasing popularity within
the physics and chemistry communities involved in many-body calculations.

To understand the main idea behind DFT, consider the following. In the absence
of magnetic fields, the many-electron Hamiltonian does not act on the electronic spin
coordinates, and the antisymmetry and spin restrictions are directly imposed on
the wave function W(r sy, ..., rysy). Within the Born—Oppenheimer approximation,
the energy of an N-electron system with a fixed M-nuclei geometry R takes the
following form in atomic units:
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E=— J [V - Vlyyrr: £)]dry + Jvext(R, F1)y) ()

-
ri=r}

1
2

n JMdr]drz, 8.1)
rp2

where 7(r;) and y,(r;,r;) are the diagonal elements of y,(ri;r}) and y,(ry, ra;
r}, ry), respectively, which represent the one-electron (or one-particle) density and
the electron—electron (or two-particle) correlation function, commonly used in
DFT and electronic structure theory. In principle, it might seen that all the informa-
tion about the system, necessary to evaluate the energy, is contained in y;(r;) and
v2(ry; 13), and therefore one could forget about manipulating the wave function.
However, in order to avoid unphysical results in the evaluation of the energy, it is
still necessary to compute the wave function W(r;sy,..., rysy) that generates the
correct y(ry) and 7y,(r;; ry) densities. Equation 8.1 is the starting point of DFT,
which aims to replace both y, (r;; r}) and y,(ry, 1) by p(r). If we are only interested
in the system ground state, the Hohenberg—Kohn theorems state that the exact
ground-state total energy of any many-electron system is given by a universal,
unknown functional of the one-electron density. However, only the second term of
Equation 8.1 is an explicit functional of p(r). The first term corresponds to the kinetic
energy, which is a functional of the complete one-electron density function y, (r;; r}).
For N-electron systems, the most important contribution to the electron—electron term
comes from the classical electrostatic self-energy of the charge interaction, which is an
explicit functional of the diagonal one-electron function. The remaining contribution
to the electron—electron term is still unknown. These two terms are a functional of
the one-electron density, namely the ‘“‘exchange-correlation” functional. Thus, it is
possible to define a universal functional, which is derivable from the one-electron
density itself and with no reference to the external potential v.. (R, r). According to
McWeeny [25], we can reformulate the DFT by ensuring not only that a variational
procedure leads to p(r)—which is derivable from a wave function W(r;sy, ..., rysy)
(the so-called N-representability problem)—but also the wave function belongs to
the totally irreducible representation of the spin permutation group A. From a math-
ematical point of view, the above proposition can be expressed (in atomic units) as

1
E— min —= J [V.VTW(r];r’l)}drl+JveX[(R,r1)y1(r1)dr1

p—y, derived from WeA 2
ri=r}

dl’]dl’z + min ECOH[yz(rl?r2)] . (82)

+l Y, (r)(L — P12)y, (ra;rh)
ri2 v, derived from WeA

2

This equation shows the relationship between the one-electron function, y,(ry;r}),
and the main part of the energy functional—the rest of the functional, which is the
electron—electron repulsion, depends on y,(ry, r;). The last term is also a functional
of the one-electron density. In the new reformulation of DFT, the methodology is
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almost universally based on the Kohn—Sham (KS) approach and only differs in a
particular way to model the unknown ‘“‘exchange-correlation” term.

8.3 TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

An extension of standard DFT is its TD version. This generalization is necessary
when dealing with intrinsic TD phenomena. In addition, it preserves the appealing
flavor of the classical approach to the theory of motion.

The rigorous foundation of the TD-DFT was started with the works by Bartolotti
[10] and Deb and Ghosh [11]. However, the proofs of the fundamental theorems were
provided by Runge and Gross [12]. One of those theorems corresponds to a Hohen-
berg—Kohn-like theorem for the TD Schrédinger equation. The starting point for the
derivation of the TD KS equations is the variational principle for the quantum
mechanical action (throughout this section, atomic units are also used):

S[¥] = J<\I’(t)

4]

0
{15 — H(t)] ‘\I’(t)>dt. (8.3)

This variational principle is not based on the total energy because in TD systems, the
total energy is not conserved. The so-called Runge—Gross theorem then states that
there exists a one-to-one mapping between the external potential (in general, TD),
Vexi(T, 1), and the electronic density, p(r, 7), for many-body systems evolving from a
fixed initial state, W(fy). Runge and Gross thus open the possibility of deriving the
TD version of the KS equations. This procedure yields the TD Schrodinger equation
for the KS electrons described by the orbitals ¢(r, 1),

0, (r, t
(PP prestr, Diputr, 0, 8.4)
where the KS Hamiltonian is
1
Hgs(r, 1) = — Evz + vkslp(r, D), (8.5)

with a TD-KS effective potential, usually given by the sum of three terms which
account for external, classical electrostatic, and exchange interactions. The latter is
the source of all nontrivial, nonlocal, strongly correlated many-body effects.

By construction, the exact TD density of the interacting system can then be
calculated from a set of noninteracting, single-particle orbitals fulfilling the TD-KS
Equation 8.4 and reads

N

p(r, 1) = |y, . (8.6)

k=1

Further analysis from the minimum action principle shows that the exchange (xc)
potential is then the functional derivative of that quantity in terms of the density:
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OSxc
dp(r, 1)’

Ve(r, 1) = 8.7)

where Sy, includes all nontrivial many-body parts of the action. The above equations
provide the starting ground for further derivations of the theory. Thus, in addition to
the TD-KS scheme, other variants have been proposed over the years, which include
the TD spin-DFT, the TD current-DFT, the TD linear response DFT, and the basis-
set DFT [26]. Each method has its range of applicability, but discussing them is out
of the scope of this chapter.

Here we focus on yet another implementation, the single-particle hydrodynamic
approach or QFD-DFT, which provides a natural link between DFT and Bohmian
trajectories. The corresponding derivation is based on the realization that the density,
p(r, 1), and the current density, j(r,7) satisfy a coupled set of “classical fluid,”
Navier—Stokes equations:

op(r,t) .
% Vij(r, 1), (8.8)
oj(r, 1)
o~ Ylelr. ), (8.9)
with
Plpl(r, 1) = —i(VIpl®|Lj(r), HOI[YIp](®), (8.10)

being a functional of the density and with initial conditions p(r, 7o) and j(r, o).

One can finally show that the above coupled equations translate into one
single-particle nonlinear differential equation for the hydrodynamical wave function
O(r, 1) = p(r, 12T in terms of potential energy functionals:

1 0D(r, 1)
(—EVZ +veff[p]> O(r,1) =i ETRE (8.11)
with ver[p] given by
OFE._ OFE OFEx. OTeonr OFey
Veff[P] _ el—el + nu—el + + or1 + ext (812)

op op op op op

where j(r, 1) = p(r, H)v(r, 1), with VS(r, 1) = v(r, 7). For many-particle systems, this is
still an open problem (see Section 8.4.2 for a new discussion). In Equation 8.12, each
term corresponds, respectively, to the interelectronic repulsion energy, the Coulomb
nuclear—electron attraction energy, the exchange and correlation energy, the non-
classical correction term to Weizsicker’s kinetic energy, and the electron—external
field interaction energy functionals. A judicious choice in the form of the above
functionals yields surprisingly good results for selected applications.



Time-Dependent Density Functional Theory from a Bohmian Perspective 111

As a simple mathematical approach to QFD-DFT, let us consider that the
N-electron system is described by the TD orbitals ¢(r, £) when there is an external
periodic, TD potential, for which we want to obtain the (TD) density p(r, 7). These
orbitals can be expressed in polar form:

bi(r, 1) = Ry(r, 1), (8.13)

where the amplitudes R(r, f) and phases Si(r, f) are real functions of space and time,
and the former are subjected to the normalization condition:

JJRk(I', DR(r, )dr = O, (8.14)
t
where [, denotes the time-averaged integration over one period of time. The kinetic
energy associated with this (noninteracting) N-electron system reads [10] as

T[{Re, Sk}, = — = Z ”Rk(r 1 [V2Ri(r, D] — Re(r, ) [VSi(r, H)*]dr.  (8.15)

Similar to the time-independent case, we also assume the constraint that the sum of
the squares of the R, gives the exact density p(r, ?), i.e.,

ZR (r, 1) = p(r, 1). (8.16)

Moreover, we introduce an additional constraint: the conservation of the number of
particles,

N OR: [ op .
> (_ E) ~ v (8.17)

k=1

where j is the single-particle quantum density current vector. After minimizing
Equation 8.15 with respect to the R, (which is subject to the previous constraints),
we reach the Euler—Lagrange equation:

1
) V2Ry + veitRi = xRy (8.18)

where vg(T, 1) and g(r, 7) are the Lagrange multipliers associated with the constraint
defined in Equation 8.16 and the conservation of the number of particles given by
Equations 8.14 and 8.17, respectively. Moreover, g(r, ) can be split up as a sum of
two terms:
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e(r, 1) =& + &, ). (8.19)

The quantity 8}(0) is a result of the normalization constraint, while s}:) are the
Lagrange multipliers associated with the charge-current conservation defined by
Equation 8.17. On the other hand, if Equation 8.18 is divided by R, we can reexpress

the corresponding equation as
OQk(r, 1) + vegr(r, 1) = &x(r, 1) (8.20)

where Qy is the so-called quantum potential associated with the state ¢y,

(8.21)

Next, we minimize T,[{Ry, S;}]; with respect to S; to be subjected to the constraint

a5
E" = —&i(r,1). (8.22)

The resulting Euler—Lagrange equation is given by

OR>
8—tk + V- (RIVS;) = 0. (8.23)

The coupled equations, Equations 8.18 and 8.23, provide a means for determining
the exact TD density of the system of interest. We note that, at the solution point, the
current vector is given by

N
i =" RAr.nVSi(r. 1. (8.24)
k=1

Note that, in the limit that the time dependence is turned off, the TD-DFT approach
correctly reduces to the usual time-independent DFT one, as VS, vanishes, Equa-
tions 8.17, 8.22, and 8.23 are identically satisfied, and Equation 8.15 will reduce to
the time-independent kinetic energy of an N-electron system.

8.4 BOHMIAN MECHANICS: A TRAJECTORY PICTURE
OF QUANTUM MECHANICS

8.4.1 SINGLE-PARTICLE TRAJECTORIES

Apart from the operational, wave or action-based pictures of quantum mechanics
provided by Heisenberg, Schrodinger, or Feynman, respectively, there is an add-
itional, fully trajectory-based picture: Bohmian mechanics [20,23]. Within this
picture, the standard quantum formalism is understood in terms of trajectories defined
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by very specific motion rules. Although this formulation was independently formu-
lated by Bohm, it gathers two former conceptual ideas: (1) the QFD picture proposed
by Madelung and (2) the pilot role assigned to the wave function, proposed by
de Broglie. In this way, the time evolution or dynamics of the system is described as
an ideal quantum fluid with no viscosity; the evolution of this flow of identical
particles is “‘guided” by the wave function.

The Bohmian formalism follows from the Schrédinger one in the position
representation after considering a change of variables, from the complex wave
function field (W, W*) to the real fields (p, S) according to the transformation
relation:

W(r, 1) = R(r, H)eS®0/", (8.25)

with p = R. Substituting this relation into the TD Schrodinger equation for a single
particle of mass m,

ov(r,t)

ih
! ot

h2
[— — V2 4+ V()| ¥, ), (8.26)
2m

and then separating the real and imaginary parts from the resulting expression, two
real coupled equations are obtained:

9. 3. <,,V_S> —0. (8.27a)
ot m
s (VS B
E + m + Veff - 07 (827b)
where
Ve =V+0=V VR_, TV 1(V (8.28)
eff = N 2m R dm| p 2\ p ’

is an effective potential resulting from the sum of the “classical’’ contribution V and
the so-called quantum potential Q which depends on the quantum state via p, or
equivalently on the instantaneous curvature of the wave function via R. Note that in
the case V=wv.g and ¥ given as in Section 8.3, one gets Vegr=g; or V=& (r, 1)
depending on whether we are considering the time-independent or the TD case,
respectively. The action of the whole ensemble through the wave function on the
particle motion can be seen as a dynamical manifestation of quantum nonlocality.
Equation 8.27a is the continuity equation for the particle flow (or the probability
density, from a conventional viewpoint) and Equation 8.27b is a generalized (quan-
tum) Hamilton—Jacobi equation. As in classical mechanics, the characteristics or
solutions S of Equation 8.27b define the particle velocity field,
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v=—2, (8.29)
m

from which the quantum trajectories are known. Uncertainty arises from the
unpredictability in determining the particle initial conditions—distributed according
to p(r, t=0) [20]—but not from the impossibility to know the actual (quantum)
trajectory pursued during its evolution.

An alternative way to obtain the quantum trajectories is by formulating the
Bohmian mechanics as a Newtonian-like theory. Then, Equation 8.29 gives rise to
a generalized Newton’s second law:

m-——= —VVeff. (830)

This formulation results very insightful; according to Equation 8.30, particles move
under the action of an effective force —V Vg, i.e., the nonlocal action of the quantum
potential here is seen as the effect of a (nonlocal) quantum force. From a computa-
tional viewpoint, these formulation results are very interesting in connection to
quantum hydrodynamics [21,27]. Thus, Equations 8.27 can be reexpressed in
terms of a continuity equation and a generalized Euler equation. As happens with
classical fluids, here also two important concepts that come into play: the quantum
pressure and the quantum vortices [28], which occur at nodal regions where the
velocity field is rotational.

Since TD-DFT is applied to scattering problems in its QFD version, two
important consequences of the nonlocal nature of the quantum potential are worth
stressing in this regard. First, relevant quantum effects can be observed in regions
where the classical interaction potential V becomes negligible, and more important,
where p(r, 1) = 0. This happens because quantum particles respond to the “‘shape”
of W, but not to its “intensity,” p(r, f). Notice that Q is scale-invariant under
the multiplication of p(r, ) by a real constant. Second, quantum-mechanically the
concept of asymptotic or free motion only holds locally. Following the classical
definition for this motional regime,

— =0, 8.31
ma (8.31)

which means in Bohmian mechanics that VV =0, i.e., the local curvature of
the wave function has to be zero (apart from the classical-like requirement that
V&0). In scattering experiments, this condition is satisfied along the directions
specified by the diffraction channels [29]; in between, although V&0, particles are
still subjected to strong quantum forces.

8.4.2 BoHMIAN TRAJECTORIES DESCRIBING MANY-BODY SYSTEMS

In the case of a many-body problem, the Bohmian mechanics for an
N-body dynamics follows from the one for a single system, but replacing Equation
8.25 by
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Wy ta, ... T ) = RO, T, . Ty e 2O (8.32)

with p(ry, s, ..., Iy ) = Rz(r], Iy, ..., Iy; 1), If we are interested in the density of a
single particle, we need to “‘trace” over the remaining N — 1 degrees of freedom in
the corresponding density matrix (see Section 8.4.3). On the other hand, in order to
know the specific trajectory pursued by the particle associated with the kth degree of
freedom, we have to integrate the equation of motion

_vs
_S,

Vi (8.33)
where V; = 0/0r;. The velocity field is irrotational in nature except at nodal regions.
Obviously, there will be as many equations of motion as degrees of freedom. Note
that as each degree of freedom represents a particle that is interacting with the
remaining N — 1 particles in the ensemble, the corresponding trajectory will be
strongly influenced by the evolution of those other N — 1 particles. This entangle-
ment is patent through the quantum potential, which is given here as

" XL V2R
Q=—— )Y (8.34)
2m ~ R
where Q=0Q(r;, 15, ..., I'y; ), is nonseparable and therefore, strongly nonlocal.

Note that this nonlocality arises from correlation among different degrees of free-
dom, which is different from the nonlocality that appears when considering sym-
metry properties of the wave function, not described by the Schrodinger equation but
by quantum statistics. In this sense, we can speak about two types of entanglement:
symmetry and dynamics. The general N-body wave function (Equation 8.32) is
entangled in both aspects.

Now, if the many-body (electron) problem can be arranged in such a way that
the many-body, nonseparable wave function is expressed in terms of a separable
wave function, which depends on N single-particle wave functions (Hartree approxi-
mation), i.e.,

N N . .
Wy oy ) = [ [ 0 = [[ Rt 0", (839)
k=1 k=1

then, in terms of trajectories, we find a set of uncoupled equations of motion,

Vi = v"S", (8.36)
m

which will only depend implicitly (through v.¢) on the other particles. Note that the
factorization of the wave function implies that the quantum potential becomes a
separable function of the N particle coordinates and time,
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X ViR, L
Nk
- — 37
0 3 § R kE:le, (8.37)

k=1

where each Q) measures the local curvature of the wave function associated with the
ith orbital associated to the corresponding particle. Therefore, each degree of free-
dom can be studied separately from the rest (with the exception that we have to take
into account the mean field created by the remaining N — 1 particles). Factorizability
implies physical independence, statistical independence, or in other words, that
particles obey Maxwell-Boltzmann statistics (they are distinguishable) and the
associate wave function is, therefore, not entangled.

In TD-DFT, the wave function is antisymmetrized and therefore, nonfactorizable
or entangled. However, as said above, it is not entangled from a dynamical point of
view because the quantum forces originated from a nonseparable quantum potential
as in Equation 8.34 are not taken into account.

8.4.3 Rebucep QUANTUM TRAJECTORY APPROACH

In Section 8.4.2, we considered the problem of the reduced dynamics from a standard
DFT approach, i.e., in terms of single-particle wave functions from which the
(single-particle) probability density is obtained. However, one could also use an
alternative description which arises from the field of decoherence. Here, in order to
extract useful information about the system of interest, one usually computes its
associated reduced density matrix by tracing the total density matrix p, (the
subscript ¢ here indicates time-dependence), over the environment degrees of free-
dom. In the configuration representation and for an environment constituted by N
particles, the system reduced density matrix is obtained after integrating
p, = V), (V| over the 3N environment degrees of freedom, {r;}}_,,

plr,r';t) = J(r,rl,rz, o N[ TON @), e, o, .., ry)drdr, L dry. (8.38)

The system (reduced) quantum density current can be derived from this expression,
being

jr, 0 = %Im[vrf)(r, 10} [P (8.39)

which satisfies the continuity equation
p+Vj=0. (8.40)
where p is the diagonal element (i.e., p = p(r, r; 1)) of the reduced density matrix.

Taking into account Equations 8.39 and 8.40, now we define the velocity field r
associated with the (reduced) system dynamics as

i=pr, (8.41)
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which is analogous to the Bohmian velocity field. Now, from Equation 8.41, we
define a new class of quantum trajectories as the solutions to the equation of motion

p = 1 ImlVep(r, 1 D) (8.42)
m  Re[p(r,r’;1)]

r'=r

These new trajectories are the so-called reduced quantum trajectories [30], which are
only explicitly related to the system reduced density matrix. The dynamics described
by Equation 8.42 leads to the correct intensity (time evolution of which is described by
Equation 8.40) when the statistics of a large number of particles are considered.
Moreover, Equation 8.42 reduces to the well-known expression for the velocity field
in Bohmian mechanics, when there is no interaction with the environment.

8.5 FINAL DISCUSSION AND CONCLUSIONS

Nowadays the success of DFT and TD-DFT is out of question in both the physics
and chemistry communities. The numerical results obtained are most of cases in
good agreement to those from experimental and other theoretical methods with a
relative small computational effort. However, in this chapter, our goal is to present
the TD-DFT from a Bohmian perspective and to analyze, from a conceptual level,
some of the aspects which are deeply rooted in DFT.

Working with a system of fermions, where the total wave function has to be
antisymmetrized with respect to two-particle interchanges, it gives rise to the appear-
ance of new quantum forces from the quantum potential, which are not described by
the DFT Hamiltonian. The DFT wave function will then be nonfactorizable and
therefore, entangled from a symmetry point of view but not from a dynamical point
of view. In this sense, as mentioned above, the effective potential V. plays a
fundamental role not only in the nonlocality of the theory, but in the so-called
invertibility problem of the one-to-one mapping up to an additive TD function
between the density and v.g. In our opinion, the central theorems of TD-DFT should
be written in terms of Vg instead of v, as the quantum potential is also state-
dependent and a functional of the density. An infinite set of possible quantum
potentials can be associated with the same physical situation and Schrodinger equation
and therefore, the invertibility should be questioned. Moreover, for scattering prob-
lems, when v is negligible in the asymptotic region, the quantum potential can still
be active and the time propagation should be extended much farther in order to obtain
a good numerical convergence.

In Bohmian mechanics, the way the full problem is tackled in order to obtain
operational formulas can determine dramatically the final solution due to the context-
dependence of this theory. More specifically, developing a Bohmian description
within the many-body framework and then focusing on a particle is not equivalent to
directly starting from the reduced density matrix or from the one-particle TD-DFT
equation. Being well aware of the severe computational problems coming from the
first and second approaches, we are still tempted to claim that those are the most
natural ways to deal with a many-body problem in a Bohmian context.
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9.1 INTRODUCTION

Density functional theory was originally formalized for the ground state [1]. It is
valid for the lowest energy state in each symmetry class [2,3]. To calculate excitation
energies, Slater [4] introduced the transition state method, which proved to be a
reasonably good one to calculate excitation energies.

Density functional theory was first generalized for excited states by Theophilou
[5]. The density functional variational principle for excited states was studied by
Perdew and Levy [6] and Lieb [7]. Formalisms for excited states were also provided
by Fritsche [8] and English et al. [9]. The subspace theory of Theophilou was
enlarged into the theory of unequally weighted ensembles of excited states by
Gross et al. [10]. The relativistic generalization of this formalism was also done
[11]. A theory of excited states was presented utilizing Gorling-Levy perturbation
theory [12,13]. Kohn [14] proposed a quasilocal density approximation and excita-
tion energies of He atom were calculated using this method [10]. Excitation energies
of several atoms [15-18] were determined using the ensemble theory, and several
ground-state approximate functionals were tested [19]. The coordinate scaling for the
density matrix of ensembles was explored [20]. The adiabatic connection formula
was extended to the ensemble exchange-correlation energy and a simple local
ensemble exchange potential was presented [21]. The subspace density and pair

121



122 Chemical Reactivity Theory: A Density Functional View

density at the coincidence of the first excited state for two harmonically interacting
electrons with antiparallel spins under isotropic harmonic confinement were calcu-
lated [22]. (For reviews of excited-state theories, see Refs. [18,23].)

Unfortunately, the exchange-correlation part of the ensemble Kohn—Sham
potential is not known exactly. The optimized potential method (OPM) and its
approximations turned to be very successful in treating the exchange exactly in the
ground-state theory [24-28], were generalized for ensembles of excited states. The
first generalization was based on the ensemble Hartree—Fock method [29]. Later, a
ghost-interaction correction to this scheme was proposed [30]. Then another more
appropriate OPM was developed [31]. The combination of this method, the self-
interaction-free Perdew—Zunger approximation, and ghost- and self-interaction
corrected (GSIC) ensemble Kohn—Sham potential was constructed and applied to
determine ensemble energies and excitation energies [32-34]. The virial theorem
was also derived in the ensemble theory [35]. Based on the ensemble theory, a
relationship between excitation energy and hardness was derived, the concept of the
ensemble Kohn—Sham hardness was introduced, and it was proposed that the first
excitation energy can substitute for the hardness as a reactivity index [36].

Two theories for a single excited state [37—40] are the focus of this chapter.
A nonvariational theory [37,38] based on Kato’s theorem is reviewed in Section 9.2.
Sections 9.3 and 9.4 summarize the variational density functional theory of a single
excited state [39,40]. Section 9.5 presents some application to atoms and molecules.
Section 9.6 is devoted to discussion.

There are other noteworthy single excited-state theories. Gorling developed a
stationary principle for excited states in density functional theory [41]. A formalism
based on the integral and differential virial theorems of quantum mechanics was
proposed by Sahni and coworkers for excited state densities [42]. The local scaling
approach of Ludena and Kryachko has also been generalized to excited states [43].

An alternative theory is the popular time-dependent density functional theory
[44], in which transition energies are obtained from the poles of dynamic linear
response properties. There are several excellent reviews on time-dependent density
functional theory. See, for instance, Ref. [45].

9.2 NONVARIATIONAL THEORY FOR A SINGLE EXCITED STATE

According to the Hohenberg—Kohn theorem of the density functional theory, the
ground-state electron density determines all molecular properties. E. Bright Wilson
[46] noticed that Kato’s theorem [47,48] provides an explicit procedure for
constructing the Hamiltonian of a Coulomb system from the electron density:

1 on)
BiZﬁ(r) or

O.D

V:RB

Here 7 denotes the angular average of the density n and the right-hand side is
evaluated at the position of nucleus 8. From Equation 9.1, the cusps of the density
tell us where the nuclei are (Rg) and what the atomic numbers Zg are. The integral of
the density gives us the number of electrons:
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N = Jn(r)dr. 9.2)

Consequently, from the density the Hamiltonian can be readily obtained, and then
every property of the system can be determined by solving the Schrédinger equation
to obtain the wave function. One has to emphasize, however, that this argument
holds only for Coulomb systems. By contrast, the density functional theory
formulated by Hohenberg and Kohn is valid for any external potential.

Kato’s theorem is valid not only for the ground state but also for the excited
states. Consequently, if the density n; of the i-th excited state is known, the
Hamiltonian A is also known in principle and its eigenvalue problem

HY, =EY, (k=0,1,...,i...) 9.3)
can be solved, where
H=T+V+ Ve. (9.4)
N 1
o 2
T_z;<—§vj>, 9.5)
=

N
Vee =Y Z %r| (9.6)

and
V= f: i A 9.7
e — Ryl

are the kinetic energy, the electron—electron energy, and the electron—nuclear energy
operators, respectively.

There are certain special cases, however, where Equation 9.1 does not provide
the atomic number. The simplest example is the 2p orbital of the hydrogen atom,
where the density

2o =2 (9.8)

nop(r) = cr
and the derivative of the density are zero at the nucleus. Though Kato’s theorem
(Equation 9.1) is valid in this case too, it does not give us the desired information,
that is, the atomic number. Similar cases occur in other highly excited atoms, ions, or
molecules, for which the spherical average of the derivative of the wave function is
zero at the nucleus, that is where we have no s-electrons.
Pack and Brown [49] derived cusp relations for the wave functions of these
systems. We derived the corresponding cusp relations for the density [50,51]. Let us
define
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mw ="0. ©.9)

where [ is the smallest integer for which 7); is not zero at the nucleus. The new cusp
relations for the density are

onl(r) 2z,
o | H_ln(O). (9.10)

Iz

For the example of a one-electron atom in the 2p state, Equation 9.9 leads to
Tap(r) = % —ce ¥ 9.11)
and the new cusp relation has the form:
—2Zm,,(0) = Zn’zp(O). (9.12)

So we can again readily obtain the atomic number from the electron density. Other
useful cusp relations have also been derived [52,53]. There are several other works
concerning the cusp of the density [54-63].

Next, using the concept [2,64] of adiabatic connection, Kohn—Sham-like equa-
tions can be derived. We suppose the existence of a continuous path between the
interacting and the noninteracting systems. The density #n; of the ith electron state is
the same along the path.

HOWS = EFE, (9.13)

where

H =T+ aVe + V7. (9.14)
The subscript i denotes that the density of the given excited state is supposed to be
the same for any value of the coupling constant @. a =1 corresponds to the fully
interacting case, while a =0 gives the noninteracting system:

A = BN, (9.15)

For a =1, the Hamiltonian I:II‘.X is independent of i. For any other value of «, the
‘““adiabatic”” Hamiltonian depends on i and we have different Hamiltonians for
different excited states. Thus the noninteracting Hamiltonian (o =0) is different
for different excited states. If there are several “‘external” potentials V*~° leading
to the same density n;, we select that potential for which the one-particle density
matrix is closest to the interacting one-particle density matrix.

To solve the Kohn—Sham-like equation (Equation 9.15), one has to find an

approximation to the potential of the noninteracting system. The OPM [25] can be
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generalized for a single excited state also. It was shown [37] that because the energy
is stationary at the true wave function, the energy is stationary at the true potential.
This is the consequence of the well-known fact that when the energy is considered to
be a functional of the wave function, the only stationary points of E[¥] are those
associated with the eigenvalues/eigenvectors of the Hamiltonian

—=0 (k=1,...,0,...). (9.16)

From the density of a given excited state n;, one can obtain the Hamiltonian, the
eigenvalues and eigenfunctions, and (through adiabatic connection) the noninteract-
ing effective potential Vl.“:o. The solution of equations of the noninteracting system
then leads to the density n;. Thus, we can consider the total energy to be a functional
of the noninteracting effective potential:

E[V,] = E[¥,;[V}]]. (9.17)

Making use of Equation 9.16, we obtain

OE OE 6V,
J +c.c.=0. (9.18)

VO oV, 8V?
So an optimized effective potential can be found for the given excited state. The
Knieger-Li-Iafrate (KLI) approximation to the optimized effective potential can also
be derived [37].

Exchange identities utilizing the principle of adiabatic connection and coordinate
scaling and a generalized Koopmans’ theorem were derived and the excited-state
effective potential was constructed [65]. The differential virial theorem was also
derived for a single excited state [66].

9.3 VARIATIONAL THEORY FOR A NONDEGENERATE
SINGLE EXCITED STATE

The theory discussed in the Section 9.2 is a nonvariational one. It presumes that the
interacting excited-state density is known. Two of the authors showed, accordingly,
that there exists a variational excited-state density functional theory that generates
the interacting excited-state density as well as the corresponding energy [39].
Consider first the nondegenerate case. The functionals in this variational theory are
universal bifunctionals. That is, they are functionals of not only the given excited-
state trial density n, but of the ground-state density n as well.
The variational principle is written in the form of a constrained search

E;=min  min (V|H|V). (9.19)
" owiw

The minimization process is done in two steps. The first minimization is over all
wave functions that are orthogonal to the first i — 1 states of H and simultaneously
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gives the trial the density, n. The second minimization is over the set of all N-electron
trial densities. We can write this procedure as

E; = min {Jv(r)n(r)dr + Fin, no]} = Jv(r)ni(r)dr + Fi[ni, no), (9.20)

where the universal functional F;[n, ng] is defined as

Filn,no) = min (V|7 + Vee|¥) = (V[n,no]|T + Vee| ¥[n, mo]).  (9.21)
AR

In Equation 9.21, ¥ yields n and is orthogonal to the first i — 1 state of the Hamilto-
nian for which nq is the ground-state density. Here, this Hamiltonian is the H in
Equation 9.19. Note that instead of the ground-state electron density n,, we could use
the external potential v or any ground-state Kohn—Sham orbital, etc. Thus we could
use Fi[n, v]. The extension to degenerate states is studied in Section 9.4.

Now define the noninteracting kinetic energy 7 [n, ng] by

T,iln,nol = Igm <<I>|T|<I>> = (P[n, no)T|®|n, no)), (9.22)
where each @ is orthogonal to the first m — 1 (with m > 1) states of that noninter-

acting Hamiltonian whose ground state resembles n closest, say in a least squares
sense, and for which n; is the mth state density. With

wi([ni, nolsr) = —W - (9.23)
we then have the minimum principle
Tsilni, no] + Jwi([ni, nol; Pni(r)dr
= rr;in {Ts,i[n, no| + Jwi([n,-, nol; r)n(r)dr}. (9.24)
The Kohn—Sham equations take the form
Hvz + wil[ni, nol; r)] bj(r) = &j(r), (9.25)
where the orbitals are occupied as necessary, so that
ni = kZ)\HqBHz. 9.26)
=1

The occupation numbers /\}'< will be 0,1, or 2 for a nondegenerate system. Since n;
is an excited-state density of a noninteracting system whose potential is w;, at least
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one of the /\j; will be zero. As in the usual Kohn—Sham scheme, w; is obtained by
first approximating it with a starting guess for n; in the Kohn—Sham potential, and
then the Kohn—Sham equations are solved in a self-consistent manner. The total
excited-state energy is

1 o )
E:JW”Wﬂ“”—§§:M@WV%M>+GMb%L (9.27)
J

where

Giln, no] = Filn, no] — Ty,[n, no) (9.28)

is the sum of the Coulomb and exchange-correlation energy. For practical calcula-
tions, G must be approximated. The OPM and the KLI approximation mentioned
above can also be generalized to approximate G and the Kohn—Sham potential w.
Consider partitioning G;[n, ng] as

Giln,no] = Qiln,no] + E’C [n, nol, (9.29)

where
Q; is the Coulomb plus exchange component
E is the correlation component of G;

A crucial constraint for approximating Q; and 6Q;/6n is [39]

<(I)[l’li, no] | Vee |q)[l’li, I’lo]> — <CDN71 [ni, I’lo} Vee |CDN71 [l’l,‘, I’l()]>
8Qi[n, no) (9.30)
on ’

n=n;

:th@—ﬁﬂﬂ

where ®"~! is the ground state of the noninteracting Hamiltonian with potential
wi([n;, nol; r) (but with N — 1 electrons), and nfv ~! is the density of ®V 1. Also, it is
understood that both w; and §Q;/8n vanish as |r| — co. Equation 9.30 is analogous to
the ground-state exchange-only Koopmans’ relation that has been previously
obtained for finite systems [27,67]. Moreover, the highest occupied orbital energy
must equal the exact excited-state ionization energy, unless prevented by symmetry
[68]. Other useful constraints can also be derived [39,69].

(By the way, through ensemble theory with unequal weights, Ref. [68] identifies
an effective potential derivative discontinuity that links physical excitation energies
to excited Kohn—Sham orbital energies from a ground-state calculation.)

9.4 VARIATIONAL THEORY FOR A DEGENERATE
SINGLE EXCITED STATE

Now, we turn to the degenerate case. Consider the solutions of the Schrodinger
equation

HW)) =EW)) (y=12,....g), 9.31)
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where g; is the degeneracy of the ith excited state. For the sake of simplicity, only
one index is used to denote the symmetry both in spin and spatial coordinates.
Instead of treating one wave function, the subspace S; spanned by a set of wave
functions \If; will be considered.

We define the density matrix in subspace S; as

=3
y=1

w;><w;), (9.32)

where the weighting factors n’;y satisfy the conditions

8i
1= "7, (9.33)
y=1
and
7, > 0. (9.34)

In principle, any set of weighting factors n; satisfying the above conditions in
Equations 9.33 and 9.34 can be used. Now, we define the subspace density as

8i
=N v,
y=1

2
dsidx, . . . dxy, (9.35)

where x stands for a space—spin coordinate. The weighting factors ni/ should satisfy
the conditions Equation 9.33 and Equation 9.34. If all ), are equal, the density has the
property of transforming according to the totally symmetric irreducible representation
[70,71]. (For instance, for atoms the subspace density will be spherically symmetric.)
But, it is possible to select other values for the weighting factors ni/. Equal weighting
factors have the advantage that the subspace density has the symmetry of the external
potential.
Now, we define the functional

gi
Flni. no] = Min D 0, (W T + Ve[ W), (9.36)
e

It can be rewritten applying the density matrix

Flni,ng) = mintr{D(T + Vee )}, (9.37)

—n;

where n; and nq are arbitrary densities. ng is a ground-subspace density, while 7; is
the trial excited subspace density we are considering. All the subspaces correspond-
ing to the first i — 1 states of that Hamiltonian for which nq is the ground-state
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subspace density are supposed to be orthogonal to the subspace considered. Thus the
total energy of the ith excited state has the form

8i o )
E; = H}%n ; ny<w17’Hv,\Plv>
8i o )
. . i i
i 3, (0, )

= min {F[ni, no) + Jni(r)v(r)dr}. (9.38)

nj

E; can be rewritten with the density matrix:
E;=min#r{D'H} = min {min tr{D'H} }. 9.39
= {1} = min {in {71} ©:39)
The noninteracting Kohn—Sham system is defined by adiabatic connection,

N
H =T+ aVee + > i (). (9.40)

k=1
v, (r; [ni, no)) is defined so that the subspace density n; (a) remains independent of «
and (b) the ground state of H** is closest to ny in a least squares sense. The

noninteracting Kohn—Sham Hamiltonian is obtained for a =0:
A . A s A N .
H), = H* =T+ w([ni.no]: ry). (9.41)
=

Both the noninteracting Hamiltonian I:va and the Kohn-Sham-like potential
wi([ni, no;r) = vi(r) depend on i; they are different for different excited states.
The Kohn—Sham-like equations read

HO\WH) = B\ W) (y=1,2,..., g, (9.42)
where the noninteracting density matrix can be constructed from the wave functions

i0
‘Ifﬂy as

, (9.43)

8i
N i0 i0
D= m,[W) (W)
y=1
while the noninteracting kinetic energy takes the form

Ty.i[ni, no) = tr{bif’}. (9.44)
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T,; can also be given variationally as

Tyi[ni, no) = Mintr{biT} = tr{ﬁi[n,-,no]f”}, (9.45)

Si—n;

where each §; is orthogonal to all subspaces corresponding to the first m— 1 states of

Hi and n; is the subspace density of the mth excited state of H. Di[n;,n) is the

noninteracting excited-state density matrix of I:va whose subspace density is n;.
Minimizing the noninteracting kinetic energy

Tyi[ni,no] + Jni(r)wi([n[, no);r)dr = Min{TX [ni, o] + Jni(r)wi([n[,no]; r)dr}
(9.46)
leads to the Euler equation

8T, i[ni, no)

w'([ni, ;) + 5

S (9.47)

n=n;

where u; is a Lagrange parameter. The Kohn—Sham potential takes the form

wie) = vir) 4 2] . 9.48)
where the functional G[n;, no] is defined by the partition
Flni,no) = Tyi[ni, no] + Glni, no. (9.49)
A further partition of G[n,, ngy] gives
Gln;, ng) = J[n;] + Ex[ni, nol + Ec[ni, no) (9.50)

J, Ey, and E, are the Coulomb, exchange, and the correlation components of G:
J[ni] + Ex[ni,no) = r{D'Vee }, (9.51)
Ec[ni,ng] = tr{D'Vee } — tr{DVe. }. (9.52)
Therefore, the Kohn—Sham potential has the form
wi(r) = v(r) + vi(r) + v (1), (9.53)

where v(r), vj', and v;C(r) are the external, Coulomb, and the exchange-correlation
potentials, respectively.

The Kohn—Sham equations can be obtained from the minimalization of the
noninteracting kinetic energy after expressing it with one-electron orbitals. Because
‘Iff;o is generally a linear combination of several Slater determinants, the form of the
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Kohn—Sham equations is rather complicated for an arbitrarily selected set of weight-
ing factors, and has to be derived separately for every different case of interest. For a
spherically symmetric external potential and equal weighting factors, however, the
Kohn—Sham equations have a very simple form, as shown in Ref. [72]. In this case
the noninteracting kinetic energy is given by

dr, (9.54)

r-3oa JP,[__(P,)+1<<I;+1>P,

j=1

where P} and )\; are the radial wave functions and the occupation numbers corre-
sponding to the given configuration, respectively. In Equation 9.54, (P})’ " denotes the
second derivative of P; with respect to 7. The radial subspace density

0 =Y n(P) (9.55)

in this particular case is spherically symmetric. The minimization of the noninteracting
kinetic energy leads to the radial Kohn—Sham equations

Loy lj<lj+1) i i pi i pi
-3 (pj) +ij +w'P; = &P;. (9.56)

9.5 APPLICATION TO ATOMS AND MOLECULES

To perform excited-state calculations, one has to approximate the exchange-
correlation potential. Local self-interaction-free approximate exchange-correlation
potentials have been proposed for this purpose [73]. We can try to construct these
functionals as orbital-dependent functionals. There are different exchange-correlation
functionals for the different excited states, and we suppose that the difference between
the excited-state functionals can be adequately modeled through the occupation
numbers (i.e., the electron configuration). Both the OPM and the KLI methods have
been generalized for degenerate excited states [37,40].

Table 9.1 presents excitation energies for a few atoms and ions. Calculations were
performed with the generalized KLI approximation [69,74]. For comparison, experi-
mental data and the results obtained with the local-spin-density (LSD) exchange-
correlation potential [75] are shown. The KLI method contains only the exchange.

The inclusion of correlation in OPM and KLI methods is straightforward in
principle. One needs a correlation functional as a functional of the orbitals and then
the method of derivation and calculation is exactly the same. Orbital-based correla-
tion functionals already exist for the ground state (e.g., the functionals of Becke
[76] and Mori—Sanchez et al. [77]). Unfortunately, we do not have excited-state
correlation functionals. In the existing approximating functionals, exchange and
correlation are treated together and if we change only the exchange part (into KLI



132 Chemical Reactivity Theory: A Density Functional View

TABLE 9.1
Calculated and Experimental Excitation
Energies (in Ry)

Atom Transition KLI LSD Exp.
Li 2528 —2p 2P 0.135 0.136  0.136
Na 3s2S — 3p P 0.144 0.164 0.154
K 45 %S — 4p 2P 0.103 0.124 0.118
Net  2s%2p°2%S —2s2p°%S 2166 1.671 1978
C 2s2p? P — 2s2p°°D  0.588  0.591  0.584
Si 3s73p°P — 3s3p° °D 0469 0486  0.441
0 2s%2p* %P — 25 2p° P 1252 1.058 1.151
Fr 2s2p* P — 25 2p° P 1.597 1363 1.505
o" 2s72p° %S — 25 2p* P 1.106  1.082  1.094
B 2s2p %P — 25 2p* D 0433 0411 0436

or OPM), the balance between the exchange and correlation is ruined and we might
receive worse results than in the exchange-only case. To find an appropriate approxi-
mate correlation functional for excited states will be the subject of future research.

In a recent paper, Glushkov and Levy [78] have presented an OPM algorithm
that takes into account the necessary orthogonality constraints to lower states. One
has to solve the problem

P(H—-EP\V)=0, W)=PW¥), i=12,...,m, (9.57)
(us|¥;) =0 s=1,2,...q<m (9.58)

on a finite dimentional subspace M, dim(M) = m with the associated projector P. For
the lowest excited state, the Kohn—Sham equations have the form

Py VG P =), a=ap 059
subjected to the constraints
Py ) =0 j=1.2,....n% (9.60)
where

Py = |G ) (&6 9.61)

and P, is the orthoprojector defined from the basis set chosen for the excited state
under consideration. OPM equations were derived using a variational principle with
orthogonality constraints. The Kohn—Sham potential is expressed in a parametrized
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TABLE 9.2
Excited State Energies (in Ry) of the HeH
Molecule at R=1.5 bohrs

State OPM HF Cl

AT —6.1296 —6.1346 —6.2254
cst —6.0298 —6.0308 —6.1116
D+ —5.9688 —5.9698 —6.0600

form as a direct mapping of the external potential [79,80]. The second column of
Table 9.2 presents the exchange-only OPM excited-state energies for the HeH
molecule. For comparison, the Hartree-Fock and configuration interaction (CI)
results are also shown.

9.6 DISCUSSION

We would like to emphasize that the generalizations of the Hohenberg—Kohn
theorems to excited states reviewed in Sections 9.3 and 9.4 are different from the
ground-state Hohenberg—Kohn theorems. The universal variational functionals for
the kinetic and electron—electron repulsion energies in this excited-state variational
theory are bifunctionals. That is, they are functionals of either the trial excited-state
density and the ground-state density or of either the trial excited-state density and the
external potential of interest. The standard Hohenberg—Kohn theorems for a single
excited-state density do not exist [81-83]. Indeed, in recent studies, Gaudoin and
Burke [82] and Sahni et al. [83] have presented examples of the nonuniquess of
the potential. That is, they presented cases where a given excited-state density
corresponds to several different “Kohn—Sham’ potentials. Samal et al. [84], on the
other hand, have argued that in the Levy—Nagy theory, the criterion based on the
ground-state density of the Kohn—Sham potential may fix the density-to-potential
map uniquely. In another recent paper, Samal and Harbola [85] have proposed a
different criterion. Based on numerical examples, they recommend a criterion based
on the kinetic energy instead of the ground-state density.

Two approaches to the excited-state problem have been the focus of this chapter.
The nonvariational one, based on Kato’s theorem, is pleasing in that it does not
require a bifunctional, but it presumes that the excited-state density is known. On
the other hand, the bifunctional approach is appealing in that it actually generates
the desired excited-state density, which results in the generation of more known
constraints on the universal functional for approximation purposes.
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10.1 INTRODUCTION

Taking into account the spin degree of freedom of electrons is important to develop
theories and methods robust enough to handle open shell systems and magnetic
properties. In addition, nowadays manipulate spin transfer is a reality due to the
development of spintronics. However, the relativistic nature of spin imposes a strong
restriction to build theories with feasible wide applicability in electronic structure
studies. Such restriction is present in wave function and density functional
approaches. In both worlds, most of the applications of spin-dependent methods
are done in the nonrelativistic spin-polarized limit. For the wave function approach,
the limit is quite easy to achieve at least in a conceptual form: solving the Schro-
dinger equation with a fully flexible wave function constructed as an infinite linear
combination of Slater determinants. The spin variable is introduced in the form of
spin orbitals. On the density functional theory (DFT) side, the development of spin-
dependent theories was introduced since the very beginning [1]. In this chapter, a
brief description of the DFT relativistic method is outlined and the most widely used
nonrelativistic limit is presented. Also, the chemical reactivity analysis that emerged
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from such limit is summarized in the light of several practical applications. In order
to emphasize the physical meaning of the reactivity parameters, the discussion of
them is done in the context of their formal definition rather than in the environment
of their working equations within the spin-polarized Kohn—Sham method.

10.2 SPIN-POLARIZED DENSITY FUNCTIONAL THEORY

The Schrodinger formulation of quantum mechanics does not include the spin as an
explicit variable in the Hamiltonian. This limitation is partially eliminated by the
introduction of the spin variable in the wave function. This is done by using spin
orbitals as building blocks for the Slater determinants. In this way, each element of
the Slater determinant is a simple product of a spatial and a spin function; by
construction the antisymmetry property required for the fermion nature of the
electrons is satisfied. In the wave function approach, the spin is properly taken into
account by the Dirac equation, but its complexity has avoided the possibility of using it
for the systematic study of polyatomic systems. Accordingly, one may say that the spin
is treated in the Schrodinger formulation in a nonrelativistic framework. On the side of
DFT, there is a similar distinction in the approaches that address the treatment of spin
variable. The original Hohenberg—Kohn—Sham formalism was introduced in the
context of a nonrelativistic treatment of the spin variable [1,2]. Indeed, the spin was
only mentioned in a short discussion of the spin susceptibility of a uniform electron
gas. The first step in the direction of an appropriate treatment of the spin was done,
almost simultaneously, by Von Barth and Hedin [3], Pant and Rajagopal [4], and by
Rajagopal and Callaway [5]; they introduced the nonrelativistic limit for spin-polarized
systems in a way that prevails until now as the most widely used spin-polarized DFT
method. On the other hand, Ragajopal and Callaway provided the first demonstration
that the Hohenberg—Kohn theorems can be extended to the case of many-electron
systems characterized in terms of quantum electrodynamics [5]. It was until the late
1970s that the seminal works by Rajagopal [6] and by MacDonald and Vosko [7]
settled down the relativistic formalism for a spin-polarized system. In the next
section, a brief summary of this formalism is presented following the notation and
approach presented in more detail in the Dreizler and Gross book [8].

10.2.1 RetATiVisTIC DENSITY FUNCTIONAL THEORY

In the relativistic version of DFT, the ground state energy of the system is a unique
functional of the fermion four-current density, Jﬁ(r):

Ea []ﬁ] — Fy [Jﬂ + Jerﬁ(r)Agxt(r). (10.1)

In this equation, AL, is a given external four-potential and Jﬁ(x) is the four-current
density. As the treatment is for stationary states, the external four-potential and the
fermion four-current are independent of time.
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The variational principle can be stated as
/
Ex [Jﬂ < EA{(J;;) } (10.2)

in which (Jﬁ)/ is any nonequivalent A ,-representable four-current density.

It is also possible to extend the Kohn—Sham formalism by defining an energy
term T that includes the kinetic energy of the noninteracting system, and the total
rest mass of the electron [8]:

1 _ _

En<&f En>Ex

The equation above is written using the units 7 =c = 1. The quantity 7 is a vector of
Dirac matrices, m is the electron mass multiplied by a Dirac matrix. i,,(x) is a spinor
dependent on the space and time coordinates, x, and s,(x) is its corresponding
adjoint. g, is an eigenvalue and &¢is the Fermi level. With this definition the energy
functional is

JH)Ju ()

=]

E[J¥] = Ts[J*] + Jdr]M(x)A’eLxl(r) —l—% Jdrdr’ + ExclJ*].  (10.4)

It is important to notice that the Coulomb-like term (the third term in the equation) is
written in terms of the four-current, and the exchange and correlation energy is
given by

T ()

Exc[J*] = F[J*] — Ts[J"] —% Jdrdr' (10.5)

In Equations 10.1, 10.4, and 10.5, the standard implicit sum on the index wu is
assumed. The relativistic Kohn—Sham equations are obtained by minimization of
the Equation 10.4 with respect to the orbitals. In contrast to the nonrelativistic case,
the variational procedure gives rise to an infinite set of coupled equations (see the
summation restrictions in Equation 10.3) that have to be solved in a self-consistent
manner:

[v - (—1V = Acte(r) + m + Yoverr (D], (r) = 0ot (r); (10.6)

in these equations

0,/
) 5Exc[J“]} (10.7)

Vefr(r) = _e{Agxt(r) + Jdr r— 7| 8JO(r)
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and

(10.8)

Aesi(r) = _e{Aext(l’) + Jdr, J(I",) 8EXC[JM]}

|r—r| 8J(r)

Solving this iterative process gives rise to a set of orbitals to construct the ground
state four-current, J*(x), including vacuum polarization corrections due to the exter-
nal field as well as the field mediating the interaction between the electrons. As the
charge density in the nonrelativistic case, the four-current has the form of a reference
noninteracting N-electron system, J,

JHX) = JE () = —e Z POV, () + J§ () (10.9)

—m<g,<ef

The summation starts in —mc?, and the energy in the current units is just m. To
simplify the iterative process, a standard approximation neglects the vacuum polar-
ization effects giving a simpler structure of the four-current [5,7]:

B =—e > @y, (10.10)

—m<e,<&p

The general relativistic Hohenberg—Kohn—Sham formalism, outlined above, con-
tains the spin degrees of freedom in a complete form. Consequently, the spin
and kinetic motion effects are not separable. Indeed, they are contained in the
external potential term as one can see if such term is written using the orbital current
density as [9]

(He) = [ar{Io0AL,0) ~fon(0) Aes(r) + 22 rgioFa ). 10.11)

In this expression the orbital current density is

(10.12)

e e{wm&w—dm—ammaﬂ}
orb - — 5 .

2m | — |:(—lv — EAA(X) — eAext(r))lZ (x):| (Z/('x)

It is important to notice that in Equation 10.11, only the sum of the three terms
is Lorentz invariant. The first term corresponds to the interaction of the charge
density with the external Coulomb potential and the last term can be written in
the form

— Jdrm(r) - Bex (1), (10.13)

where m(r) is the magnetization and B.,(r) a external magnetic field. As only
the combination of the three terms in Equation 10.11 is covariant, any explicit
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approximations in terms of the charge density p(r) and the magnetization m(r) alone
would depend on the Lorentz frame chosen. That is the case for the nonrelativistic
scheme described below.

10.2.2 SprIN-POLARIZED NONRELATIVISTIC LIMIT

As in the case of the Schrodinger approach in which spin is introduced by giving a
specific form to the wave function, the spin dependence in the Hohenberg—Kohn—
Sham formalism in a nonrelativistic framework is introduced by imposing some form
of restrictions to the functional. Namely, the total energy can be written as [3,5]

E,glp,m] = Flp,m] + Jdr[v(r)p(r) — B(r) - m(r)), (10.14)

where F[p, m] is a universal functional of the electron density p(r) and of the
magnetization m(r); v(r) is the external potential related to Agxt(r) in Equation 10.7.

This functional satisfy a variational principle [3,5] E,, g,[pg, mo]l < E,, 5,[p, m].
E.,, B, [po, mo] denote the ground state energy with density po(r), and magnetization
my(r) of a particular system characterized by the external fields (vo(r), Bo(r)). One of
the main differences between the spin-restricted and spin-polarized cases is that the
one-to-one relation between the external potential and the density cannot be extra-
polated to the set of quantities (vo(r), Bo(r)) and (po(r), mo(r)) [3].

If the external magnetic field B(r), and m(r) have only a nonvanishing
z-component, B(r)=(0,0, B(r)) and m(r)= (0,0, m(r)), the universal functional
Flp, m] may then be considered as a functional of the spin densities ps(r) and p(r),
Flps(r), p(r)], because the spin density is proportional to the z-component of the
magnetization: m(r) = —ugps(r); wp is the electron Bohr magneton. It is of worth
mentioning that it is possible to define two spin densities that are the diagonal
elements of the density matrix introduced by von Barth and Hedin [3]. These
correspond to the spin-up (alpha) electrons density p;(r), and the spin-down (beta)
electrons density p (7). In terms of these quantities, the electron and spin densities
can be written as

p() = py(r) +p (1) and  ps(r) = py(r) — p, (1. (10.15)

Then, it is clear that the functional of the energy could be written in terms of any of the
two sets of variables E[p, ps] or E[p;, p,]. Consequently, the nonrelativistic spin-
polarized DFT can be developed in both sets of variables {p, ps} or {p;, p,}. In the
next section, the set of variables {p, ps} will be used in the discussion of the reactivity
parameters.

The impact of Equation 10.14 in the treatment of spin-polarized systems is in
two directions: on the one hand, it allows the inclusion of external magnetic field
effects in the description of N-electron systems; on the other hand, when the limit of
zero magnetic field is imposed, the formalism becomes useful for N-electron systems
having spin-polarized ground state in the absence of a external magnetic field. This
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last feature has been widely exploited in practical applications within the framework
of the Kohn—Sham method.

10.3 CHEMICAL REACTIVITY

The ionization potential and electron affinity are some of the first concepts intro-
duced in chemistry courses to understand chemical reactivity. These quantities
measure the energy changes when the system loses or gains electrons. However,
when this happens, the system also suffers changes in the paired or unpaired electron
number, because the number of electrons N is given by N = N; + N, where N; are the
number of electrons with spin-up or «, and N are the number of electrons with spin-
down or 3. The examples above and many other physical situations indicate that to
analyze the chemical reactivity from a more general point of view, a spin-polarized
theory is necessary. The spin-polarized density functional theory (SP-DFT) distin-
guishes between the changes produced by charge transfer, it means changes in N and
those produced by the redistribution of the electronic density, i.e., changes in the spin
number, Ns = N; +N,.

As mentioned in the previous section, the SP-DFT may be developed in both set
of variables {py, p;} or {p, ps}. Ghosh and Ghanty [10] used the first set of variables
and generated some reactivity indexes within this approach, however, we are pre-
senting here the SP-DFT using the {p, ps} set that has received more attention since
it was presented in 1988 by Galvén et al. [11].

If we consider a system in the presence of a magnetic field B(r) in the z-direction,
the energy functional of Equation 10.14 can be written as

Elp.ps, v, B] = Flp, ps] — Jv(r)p(r)dr — g JB(r)psmdr, (10.16)

where F[p, ps] is a universal functional of p and ps, independent of v(r) and B(r).

One may consider that p and pg are independent functions, this implies that the
changes in p are decoupled from changes in ps. Thus, the minimization of the energy
functional of Equation 10.16 can be done with respect to both the variables using the
Lagrange multiplier technique.

To assure the correct value of N and Ng, the restrictions to minimize
Equation 10.16 are | p(r)dr = N and [ pg(r)dr = Ns. In this way, {8E — uxN} =0
and {6F — usNs} =0 must be solved, where wy and ug are the Lagrange multipliers
associated to the restrictions. Thus, there are two Euler-Lagrange equations for the
minimization of Equation 10.16:

B SOE B SOF 10.17
N (%),[ v+ <6p(r>>ps (1017

and

SE OF
Hs <8ps<r>>p wB0) (e‘ms(r))p (1019
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It is important to notice that the above functional derivatives are performed along
specific paths in the {p, ps} space. Namely, those paths in which p; and p; change
according to Equation 10.15, to satisfy the condition imposed. By solving Equations
10.17 and 10.18 simultaneously, the Lagrange multipliers and the charge and spin
densities are obtained. The total energy is computed by substituting p and pg in
Equation 10.16. It is important to emphasize that two Lagrange multipliers appeared
due to the fact that N and N are kept fixed in the minimization, and this is equivalent to
fix Ny and N|. It may be possible to keep just N fixed during the minimization, thus,
only wy as in Equation 10.17 would remain and ug in Equation 10.18 would be zero.
It can be proved that

OE
MmN = <—) (10.19)
ON Ns,v(r),B(r)
and
OE
Mg = <—> . (10.20)
S ONs N,v(r),B(r)

Equations 10.19 and 10.20 are known as global reactivity indexes within the
SP-DFT, because they are constant over the entire space in the molecule. Equation
10.19 resembles the electronic chemical potential found in the spin-restricted DFT, it
also measures the energy changes when the electron number in the system varies,
and it is called chemical potential as well. However, it is important to note that the
derivative in Equation 10.19 is carried out at Ng fixed, this is a different path and we
cannot expect that u of the spin-restricted case and uy of the SP-DFT must be equal.
Actually, it has been shown for atoms that uy does not correspond to the negative of
the electronegativity while w does [12].

Due to the fact that N and Ng are fixed during the minimization, wg in Equation
10.20 has an equivalent role to that of uy in the mathematical structure of the theory.
Thus, wg is related to the tendency of the system to change the spin polarization or
multiplicity, for this reason this quantity is called the spin potential. In Figure 10.1, a
schematic plot for the total energy as a function of Ng for an open-shell atom in the
absence of a magnetic field is depicted, there are some important features to observe
in this curve. There is a discontinuous first derivative around the ground state
multiplicity, it implies that for an open shell system there is one derivative toward
higher multiplicities (ug) and a different one toward lower multiplicities (ug) and
the average (1) between both. The spin transfer in a closed shell system only exists
toward higher multiplicities. In this way, the values of the slope of the curve E vs. Ng
may be used to predict the direction of spin transfer when the system interacts. Some
applications of spin potential will be discussed later in this chapter.

There is another important feature to note in the curve of Figure 10.1, the second
derivative of the energy with respect to Ng is discontinuous at the ground state
multiplicity and must be negative in both directions, due to the fact that both
branches in the plot have negative curvatures. This second derivative, as in the
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GS

N

FIGURE 10.1 Schematic representation of the energy as a function of spin number.

spin-restricted DFT case, is related to the system hardness and it is called the spin
hardness (1ss),

O’E o
Ngs = (W) = (a—NS> . (10.21)
S/ Nw(r),B(r) S/ N(r).B(r)

The nature of the negative of spin hardness was first established by Ortiz [13].

The chemical and spin potentials according to Equations 10.19 and 10.20
can be seen as a function of N, Ng, v(r), and B(r), then one can write the variations
of ux and ps,

oun = MNndN + MygdNs + JfNN(r)Sv(r)dr + up JfSN(r)éB(r)dr (10.22)

and

Opg = NgndN + MggdNs + Jst(r)Bv(r)dr + ug sts(r)BB(r)dr. (10.23)

Let us to make a parenthesis in these equations, to analyze the physics behind
them. Equations 10.22 and 10.23 must be interpreted in terms of chemical reactivity,
for this we must understand first what 6v(r) and 6B(r) are. Keeping in mind the
meaning of external potential, its changes dv(r) may be produced by changes in
the geometry of the reacting molecule, but also due to the potential generated by the
species that surround it. Similarly, the change in the magnetic field B(r) can also be
analyzed as changes produced by the magnetic field generated by the species that
surround the reacting molecule, provoking a magnetic interaction. Thus, the response
of the chemical system interacting or reacting with another may be understood in
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general through Equations 10.22 and 10.23, by considering that the changes in the
external potential and magnetic field arise from the presence of the surrounding
species. As the spin and chemical potentials must be constant over the entire space, if
two different species interact to form a new one, two equalization processes must be
carried out: the chemical potential equalization and the spin potential equalization.
The first one will be achieved by the change in the electron number, that is, charge
transfer. For the second, a “spin transfer”” must be observed, and it actually corres-
ponds to redistributions in the spin-up and spin-down densities that imply changes in
the regional values of Ng, that is, multiplicity changes. Thus, in terms of spin and
chemical potentials, there may be cases in which the charge transfer drives the
process, because the chemical potential between two species may be very different.
Or, there may be another in which the species may have very large differences in their
spin potentials, and the spin redistributions drive the process. Or may be both
potentials have big differences, then spin and charge transfer would be important. In
this sense, all the quantities that appear in Equations 10.22 and 10.23 are reactivity
indexes that can give us information about the changes that are carried out when two
chemical species interact. We may distinguish in Equations 10.22 and 10.23, the global
and local reactivity indexes. The global hardnesses, as the generalized hardnesses

3MN) (3,“5)
TNs = ( === = Nsno (10.24)
ONs N,v(r),B(r) ON Nsv(r),B(r)
8MN>
NN <— s (10.25)
ON Ns,v(r),B(r)

and the spin hardness ngs which was defined before in Equation 10.21, are constant
over the entire space as the spin and chemical potentials. The local reactivity indexes,
appearing in Equations 10.22 and 10.23, are generalizations of Fukui function for the
spin-polarized case, so they are called generalized Fukui functions, and they are
defined as

dp(r) Sy
SN = ( = , (10.26)
ON Ns.v(r).B(r) ov(r) Ns.N,B(r)
Op(r) dpg
s = < = , (10.27)
ONs Nv(r),B(r) 8v(r) Ns,N,B(r)
Ips(r) 1 [ opy
fon = ( ) =—— ( , (10.28)
ON Ng.v(r),B(r) pg \8B(r) Ne.N,v(r)

and, finally

Ips(r) 1 [ dug
ONs N.v(r).B(r) mg \OB(r) Ns.N.v(r)
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These generalized Fukui functions are local reactivity indexes, as they depend on the
coordinates r where they are determined, in other words their values vary from one
point to another within the molecule. It is clear that these quantities can be used to
know how the charge or (and) spin densities respond when there are charge or (and)
spin transfer to the reacting molecule.

The relevance of the reactivity indexes that emerge in SP-DFT may be clarified if
we turn to the Parr and Yang postulate [14]; it establishes that the preferred direction
of a reaction will be such that it provokes the maximum initial chemical potential
response of a reactant. In SP-DFT, the chemical potential response (|6xy|) not only
depends on the response of charge density as in the spin-restricted case, but also on
fsn(7) which, according to Equation 10.27, takes into account the response of the
spin density due to the local charge transfer. It may be the cases of reactants where
this could be more important, thus the preferred reactive sites will be identified with
large changes in ps(r). In a different situation, the preferred direction of a reaction
may be governed by the initial maximum change in the spin potential (|6us|), in this
case the reactive sites will be those where fys(r) or fss(r) are large.

In this way, the SP-DFT using {p, ps} as variables set provides global and local
reactivity indexes that give us the possibility to study processes that involve changes
in the number of electrons, multiplicity (changes in the spin number), or both. Some
examples are discussed in Section 10.4.

10.4 APPLICATIONS OF GLOBAL SP-DFT REACTIVITY INDEXES

In the {N, Ng} representation, the total energy is a function of N, Ng and a functional
of v(r) and B(r). Thus, the energy functional can be expanded in a Taylor series
around a reference ground state (N, N,1°(r)) in the absence of a magnetic field,
as [15]

AE = E[N,Ns, v(r)] — E[N°, N2,,°(r)]

1
= uQAN + udANs + J P’ (NAV(r)dr + (AN + 3 N9 (ANs)?
1 7 (AN)(ANs) + AN JfﬁN(r)Av(r)dr

+ ANg J Fas(MAV(Hdr + % J J X, AV AV )drdr . (10.30)

In this equation AN, ANg, and Av(r) are the changes with respect to each variable
in the expansion; x°(r, ') is the linear response function at the reference ground
state, and the other quantities have been already defined in the previous section; the
upper index 0 indicates that all reactivity indexes are evaluated at the reference state.

The capability of the Equation 10.30 to describe the energy changes has been
applied on process at fixed ; it means at a constant number of electrons, in this case,
one may analyze changes in the multiplicity without charge transfer. Thus, Equation
10.30 takes the form,
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AE = E[N°, Ns, w(r)] — E[N°, N, V()]

1
= M‘S)ANS + Jpo(r)Av(r)dr + 3 ngs(ANs)2

+ ANg J s (MDAV(r)dr + % J J Xor, HAV(H) AV )drdr . (10.31)

The changes in Equation 10.31 can be understood by splitting them into different
paths (Figure 10.2). Following path I, one may analyze changes where Ng is
changing at fixed external potential (vertical multiplicity energy changes), for
example in atoms or molecules with a fixed molecular geometry, then Equation
10.31 becomes

1
AE, =~ uSANs + Engs(ANS)Z, (10.32)

where the lower index v refers to a vertical change in the energy. It is important to
point out that in Equation 10.32 just global reactivity indexes appear and they are
evaluated at the ground state.

Using the path II, we may analyze a process when the multiplicity does not
change but the external potential does, that is, the relaxation of the geometry would
provoke the system going from one stationary state in the potential energy surface to
another. Now, Equation 10.31 is reduced to

AEy, =~ J (N AV(r)dr + % J J Xo(r, YAV AV )drdr . (10.33)

The second term in Equation 10.33 implies to evaluate a nonlocal quantity, x(r, r);
the linear response function depends on two different points within the molecule.

III

Ng

1I

14

FIGURE 10.2 Schematic representation of the different process that involve changes in the
spin number and external potential.



148 Chemical Reactivity Theory: A Density Functional View

The path III in Figure 10.2 represents the changes in the energy when the
multiplicity and external potential change (relaxation on the geometry is permitted);
it means adiabatic multiplicity energy changes. This trajectory may be analyzed with
the full Equation 10.30.

10.4.1 VEerTicAL ENERGY CHANGES

In this section some practical applications of path I are described. As the first
example, let us analyze the case of pairing energy, defined as the energy required
to produce the spin arrangement of the low spin complex [16,17]; this quantity is
useful to predict the preference of a metallic ion to produce high or low spin
complexes. For metallic ions, the pairing energy can be related with changes to
lower multiplicities without changing the external potential, in this sense Equation
10.32 has been used to analyze this process.

Remembering the previous discussion about Figure 10.1, it is important to
distinguish the direction of the process, in the case of pairing energy the direction
is toward lower multiplicities and ANy is equal to —2. Thus Equation 10.32 must be
expressed as

AE, = —2u5 + 2756 (10.34)

It is important to keep in mind that all global quantities appearing in the equations
above can be evaluated within the spin-polarized Kohn—Sham method. All the
working equations to calculate them depend on the eigenvalues of the frontier
Kohn—-Sham spin-down and up orbitals. The expressions can be consulted in
Refs. [12,18].

By an explicit calculation using frontier orbital eigenvalues, it is shown that ug
follows the trend of pairing energy for cations of metallic atoms, indicating that the
spin potential, in this case, measures the tendency of a metal cation to form high or
low spin complexes [12]. We also showed that including the spin hardness, as it is
described in Equation 10.34, helps to get better quantitative agreement with metal
cation pairing energy.

As another example of the applications of Equation 10.32, let us analyze singlet—
triplet energy gaps. On the contrary to pairing energy, in this case one has to analyze
the energy change from a lower multiplicity state toward a higher multiplicity state.
For singlet-triplet energy changes ANg =2, as for the initial singlet state Ng =0 and
for the final triplet state Ng=2. Thus Equation 10.32 becomes

AE, = 2u"" + 200" (10.35)

It is important to note that the derivatives of the energy (spin potential and spin
hardness) must be evaluated to higher multiplicities at fixed external potential, both
at the singlet (S) ground state. The Equation 10.35 was applied to study vertical
singlet—triplet energy differences, it means without relaxation on the geometry,
on halocarbenes, carbenes, silylenes, germylenes, and stannylenes [12,19,20].
It was found that the first order of Equation 10.35, ZM(SSH, follows the trend of
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singlet—triplet vertical energy, exhibiting the spin potential meaning as the tendency
of a system to change its multiplicity. In order to include the second-order contri-
bution on Equation 10.35, n(SXS)Jr must be evaluated, it implies a second derivative.

However, by a finite difference scheme,

(- (S)+
Mg — M
net % (10.36)

where /.L(STF is the spin potential of the triplet toward lower multiplicity. Note that for
the estimation of derivatives up to the second order, two different states are neces-
sary. When the second order is included in Equation 10.35, the singlet—triplet vertical
energy is quantitatively described. It was also found that the contribution of the
relaxation of the geometry to obtain the singlet—triplet adiabatic energy gaps is
constant as this correlates linearly with the vertical singlet-triplet energy gaps.
Whether the correlation observed for this class of molecules could be valid for
other systems or is just valid for this particular case, is a question waiting to be
solved. Such kind of correlations would represent an important simplification of
Equation 10.31.

10.4.2 SpiN-PHiLICITY AND SPIN-DoONICITY

Starting from Equation 10.32, Perez et al. [21] defined spin-donicity and spin-
philicity. Following a variational calculation, as used by Parr et al. [22] to define the
electrophilic power, they obtain, for the maximum change in energy (AE,,.x) when
the system modifies its spin number from Ng to Ns + ANg in a “‘reservoir of spins,”

0)\2
10
AEqa,y = — (2;0) . (10.37)
SS

In the direction of increasing spin multiplicity (ANg > 0), using this energy differ-
ence the spin-philicity w¢ can be defined as

(1)’

+
w .

N 0
2ng5

(10.38)

To obtain results according to chemical intuition, Olah et al. proposed the following
convention [19]: a large negative number for the spin-philicity index is obtained
when the energy change between the higher and lower spin states is large, and a
small negative spin-philicity index when the energy difference is small. It was found
that molecules with large negative spin-philicity are good spin catalysts.

In the direction of decreasing spin multiplicity (ANg < 0), the spin-donicity can
be defined as

(10.39)
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A large spin-donicity number is expected when the energy difference is smaller
between the triplet and singlet states. Thus, spin-philicity and spin-donicity are also a
measure of the energy differences between singlet and triplet states, furthermore, it
has been demonstrated the applicability of these reactivity indexes in the prediction
of the spin transfer observed in the spin-catalysis phenomenon [21]. Equivalent
quantities at fixed Ng (waN) have been defined [20].

Spin potential, spin hardness, spin-donicity, and spin-philicity indexes have also
been applied successfully to other specific problems [19,23,24].

10.4.3 LocaL Reactivity INDEXES IN SP-DFT

Up to this point, just applications of global reactivity indexes have been analyzed.
However, as we can see in Equation 10.30, besides the charge density, generalized
Fukui functions (fgy(r) and fis(r)) come to light and must be considered. When there
are changes in the spin number without charge transfer (Equation 10.31), just the
charge density and the flgs(”) as local reactivity indexes are involved. Some efforts
have been taken to apply f9s(r). According to Equation 10.27, f0s(r) gives us
information about the changes in the charge density when there is a “‘spin transfer,”
in other words, multiplicity changes. It is well known that the first derivative of the
energy with respect to the electron number has discontinuities, furthermore it has been
shown that the curve of the energy with respect to N, also presents this behavior [12].
These discontinuities are mapped on the charge density, thus, its derivatives must be
evaluated in the direction where the changes are carried on. There is a study of fyg(r) in
atoms, from Z =5 to Z=9, where the valence shell is systematically populated and the
unpaired electrons are diminishing [25]. Figure 10.3 shows an example for Z =9, that
illustrates this series of general behavior of this generalized Fukui function for this
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0.002

0.000

-0.002 A

Radial distribution function (a.u.)

=0.004

-0.006

r(a.u)

FIGURE 10.3 Radial distribution function of the f{g for fluorine atom (Z=9) obtained by
numerical derivation of atomic density.
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series of atoms. In the series studied, as the nuclear charge increases, the peak in the
inner region is closer to the nucleus; the size of that peak depends on the number of
unpaired electrons and is smaller at Z=09. To understand this behavior, an approach
based on the {p;, p, } set was applied; [25] the derivatives of p;(r) and p|(v) with respect
to Ng were analyzed. It was found that the redistribution of p;(r) toward the nucleus is
more pronounced for nitrogen and decays as the number of unpaired electrons
decreases, indicating a correlation of the p;(r) contraction with the number of unpaired
electrons. This tendency is in agreement with the idea that the stability of half-filled
shells is a consequence of the charge redistributions induced by Fermi correlation.

There is no more research on the analysis or applications of SP-DFT generalized
Fukui functions, per se. Instead, condensed-to-atoms SP-DFT Fukui function
schemes have been developed and applied to different chemical reactivity problems.
In these schemes, the information of the Fukui functions is condensed on an atomic
position. In addition, the Fukui function f35(r) is related with the extension of global
to local spin-donicity and spin-philicity, defined as [20]

0 () = 0ifs), (10.40)

where instead of fsis(r) the condensed-to-atoms Fukui function models are used and
applied to the analysis of chemical reactivity [23,26].

The SP-DFT has been shown to be useful in the better understanding of chemical
reactivity, however there is still work to be done. The usefulness of the reactivity
indexes in the {py, p,} representation has not been received much attention but it is
worth to explore them in more detail. Along this line, the new experiments where it
is able to separate spin-up and spin-down electrons may be an open field in the
applications of the theory with this variable set. Another issue to develop in this
context is to define response functions of the system associated to first and second
derivatives of the energy functional defined by Equation 10.1. But the challenge in
this case would be to find the physical meaning of such quantities rather than build
the mathematical framework because this is due to the linear dependence on the four-
current and external potential.
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11.1 INTRODUCTION

Normally, density functional theory (DFT) is used to study large chemical systems,
as systems with only a few electrons and nuclei have already been solved by
traditional methods. Nevertheless, there are reasons for looking at simple systems
in terms of DFT. Being simple, it is much easier to visualize and comprehend any
results. Also, we already have a wealth of information available on these systems
from earlier work.

The original premise of Hohenberg and Kohn has led to new methods of
calculating energies, very useful for large systems [1]. We shall not go into this
important area, but instead concentrate on another aspect of DFT: the new chemical
concepts that have arisen, mainly from the work of Parr and his coworkers [2].

Two quantities derived from DFT are the electronic chemical potential w and the
chemical hardness 7 [2]. The definitions of these quantities are

OF
w= ((,)N) (11.1)

_ (Om
n= <8—N) (11.2)

where
E is the total energy
v is the potential due to the nuclei, held fixed in position
N is the number of electrons

155
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The chemical potential is constant everywhere if the system is in equilibrium. The
hardness, however, is a function of position. Equations 11.1 and 11.2 also imply

u = (8E/8p), (11.3)
n = (8u/dp), (11.4)

so that changes in p will change both w and 7. That is, they have a functional
dependence on the electron density p.

If a wave function is an approximate one, as is usually the case, u will not be
constant everywhere and electron density should move from regions where w is too
positive to regions where w is too negative. This will equalize p and also change the
assumed p to a better one. The hardness acts as a resistance to changes in p due to
differences in w. The energy will decrease from E°, the value calculated for the
approximate wave function, to E, a better one.

Using Equations 11.1 and 11.2, the energy can be expanded about E° as a power
series in AN. From this, the total change in energy can be calculated:

AE:E—EO:(M—,a)AN+g(AN)2 (11.5)

where AN is the weighted sum over all space, of the small changes in electron
density for each volume element. If not weighted, this sum would be zero. We are
not changing N, the total number of electrons, but rearranging them.

The weighting factor is (w — @) =Au, where & is the average value of the
chemical potential of the approximate wave function, °. When Apu is positive,
AN is negative; when Ap is negative, AN is positive. In Equation 11.5, the first
term is negative and is energy-lowering due to electron density shifting to or from w
to . The second term is positive and is due to any energy increase that accompanies
the overall changes in w. Actually the electron density at those points in space where
w = does not change. Electron density transferred there is balanced by density
transferred out. The average value @ is simply a convenient marker.

The virial theorem tells us that

AE:%:—AT (11.6)

so that the energy can only be lowered by lowering the potential energy. The kinetic
energy must increase half as much as AV is lowered. There are also the character-
istics of Equation 11.5, if the first term is all potential energy, then the second term
all kinetic energy.

The minimum energy of Equation 11.5 is reached when the fraction of an
electron transferred is given by

Ap
n

AN = (11.7)
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and the energy lowering is a maximum,

_ANAp A

AE
2 27

(11.8)

Since the approximate w is a function of position, Equations 11.7 and 11.8 apply to
volume elements AV, and must be summed over space:

2
AE = —Jupdv (11.9)
21

Equation 11.9 certainly implies that the local hardness should be used. It is known
that this depends only on the functional dependence of the kinetic energy and
electron repulsion terms upon the value of p [3]. However, it is difficult to calculate
local values. In spite of this uncertainty, Equation 11.9 or its equivalent has often
been used to calculate the interaction between two chemical systems [4].

In atomic theory or molecular orbital theory, the chemical potential is related
to the orbital energy [5,6]. In the case of one or two electrons in the same orbital,
the local orbital energy ¢ is equal to the local chemical potential:

2
a:M:vn—i—ve—VZ—q()b (11.10)
where
vy is the potential due to the nuclei
v the potential of the other electrons, and the last term is the kinetic energy
® is an orbital

Confusion can arise because, in this chapter, both the chemical potential and the
hardness will be treated as variables dependent on position. The original articles
introducing the chemical hardness gave a useful operational definition [7].

n=-A) (11.11)

where
1 is ionization potential
A the electron affinity of the system [8]

Another approximate equation is

1 = (eLUMO — EHOMO) (11.12)

where the hardness is the energy gap between the highest occupied molecular
orbitals (HOMO) and the lowest unoccupied molecular orbitals (LUMO) [8].
In addition, there are a number of other approximate equations [9]*. The corres-
ponding operational definition for the electronic potential is

—M:%(I—FA) (11.13)

* A factor of 1/2 from Ref. [7] has been dropped.
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for the chemical potential [10]. In the latter case, —u has been called the absolute
electronegativity [11].

These are constant numbers obtained from experiments or independent calcula-
tions. They are properties of the atom or the molecule and have been useful in
predicting the chemical behavior of the system. In addition to its use as a scale of
electronegativity, the chemical potential is also a measure of the intrinsic strength of
generalized acids and bases [12].

The hardness measures the stability of the system. A hard molecule resists
changes within itself, or in reaction with others. As a result, a molecule will arrange
itself to be as hard as possible, the principle of maximum hardness. This usually is
interpreted as the placing of the nuclei.

The variable hardness in this work is the local hardness as given by the basic
theory [2]. The electronic chemical potential in this work is a property if a given
molecule (arrangement of nuclei) is also of the approximate wave function used to
describe it. This does not represent an equilibrium system. The variation of the
chemical potential is a consequence.

The average value of the orbital energy can be calculated from the assumed wave
function. If the wave function were exact, the orbital energy would indeed be
constant, as required. For the approximate W°, the average orbital energy is equal
to the ionization potential /, according to Koopmans’ theorem. In Equation 11.13, the
electron affinity A has dropped out.

This is reasonable as Equations 11.11 and 11.13 apply to open systems where
electrons can be gained from or lost to systems external to the one of interest.
Quantities such as A or &; ymo have much relevance.

In this chapter, we are trying to improve the energy of an approximate wave
function by rearranging the electron density corresponding to it. We are dealing with
closed systems in which electrons can only be lost. The hardness of a closed system
is quite different from that of an open system. The latter is useful for predicting
chemical behavior. The former is useful for predicting the stable structure of
chemical systems and the energies of such structures. It is the hardness to which
the principle of maximum hardness applies [13,14].

11.2 HARDNESS

Basic theory does give recipes for finding both the local hardness and the average, or
global hardness [2,15]. Unfortunately, they are very difficult to use. Let us examine
an equation for the local hardness n(r),

2 1 1
n(r) = JLF’) v (11.14)

dpdp!

where F is the local value of the kinetic energy and electron-repulsion energy of
the system [22]. The equation may be interpreted as the change in F due to a change
in p, as influenced by the value of p that already exists. Obviously this is why v, is
not included in F. The local hardness is the average value of a quantity called the
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hardness kernel. The global hardness, in turn, is the average value of the local
hardness. The interpretation of Equation 11.14 is that 1(r) is the change in F caused
by a change in p, as influenced by the value of p that existed before the change.

The examples to be considered are the ground states of He and the related two-
electron ions from H to Ne® ™. In all cases, the single-zeta function of Kellner will be
the approximate wave function used [16]. This function is ¥°= Ne . The local
chemical potential is given by

2 1 2
P L B M (11.15)
rorp 2 r

The terms in Equation 11.15 are v,, v, and ¢, in that order, for He, ag is 1.6875. Now
consider the two-electron ions from H™ to Ne®*. All values of ay are given by the
simple relation, ag=2Z—0.3125, where Z is the nuclear charge. Therefore, «g
will vary from 0.6875 to 9.6875 in going from H™ to Ne®". Effects scaling with
either g or a? should be distinguishable. All the properties of the two-electron
systems are the same, except for the changes due to ay. We also know that v, scales
as @ and ¢ scales as a,’.

Table 11.1 shows the values of E® = —aoz, Eyr the Hartree—Fock energy, and Ey,
the nearly exact values for the series. In spite of the large range of « values, the
values of E — Eyp and E — E are almost constant. They range from 0.0550 to 0.0591
for E—E,. If H™ is omitted, the ranges are even smaller. It is important that the
corrections needed are small, showing that the single-zeta wave function is quite
good. Equation 11.8, which we are testing, is based on Equation 11.5. This is
obviously an approximation, valid for small AN. This is only possible if the starting
wave function is a good one.

TABLE 11.1

Various Energies for the Two-Electron lons
lon - —Fue® —Eo® —E,
H- 0.4727 0.4877 0.5278 0.5263
(He) 2.8477 2.8616 2.9037 2.9013
Li* 7.2227 7.2365 7.2799 7.2763
Be?t 13.5977 3.6113 13.6556 13.6513
B** 21.9727 21.9862 22.0310 22.0263
cH 323477 323612 32.4063 32.4013
N3+ 44.7227 447362 447815 44.7763
o+ 59.0977 59.1111 59.1566 59.1513
F'* 75.4727 75.4861 75.5317 75.5267

Ne®™ 93.8477 93.8611 93.9068 93.9013

% C.C.J. Roothaan and A.W. Weiss, Rev. Mod. Phys., 186,
32, 1960.
® C.L. Pekeris, Phys. Rev. 1699, 112, 1958.
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In addition to the difference between ¢ and v, in their dependence on «y, there is
another important difference between them. The repulsive potential felt by an
electron of, say, a-spin, depends on the existing density of (3-spin. But the kinetic
energy depends on the existing density of a-spin. Any change in the density of
a-spin will cause a change in the kinetic energy. Since the hardness acts as a
resistance to change, the increase in kinetic energy that occurs (Equation 11.6)
must be more important than the change in v., which decreases. This leads to a
result for n(r) as

o

(07
n(r)=t1+tz=r—°+—0
I

(11.16)

rn

Averaging over the two-electron density function p leads to the global value
n=2a3. The constant part of the kinetic energy does not change with changes
in p. Also, it has a negative value.

There are two ways of expressing v.. One is to find the average value of the
interelectron potential by integrating over the coordinates of one electron. This gives
ve as a function of the position of the second electron:

1 672050;"
Ve = ——
r

p (1 + agr) (11.17)

The overall average can now be found by integrating over the coordinates of the
second electron.

This gives the well-known result (v.) = (5a/8). The second way is to use the
instantaneous value, ve = (1/ry,). The average value can now be found by using
the Hylleraas coordinates u = ry,, s = (1 + 1»), and t = (r; — r,) [17]. This also gives
(ve) = (Sexo/8) = (' /u).

But Equation 11.9 also requires finding (' /u?). The Hylleraas coordinates give a
value of (2a3/3). In an earlier work [5], the potential of Equation 11.17 was simply
squared leading to an average value of ('/u”) equal to (e3/2). Using this result and
using the global value of n= 2a}, we find

g () 0054843
2n 4a3

=0.0137 (11.18)

This correction is constant for all values of a( and is very close to the average value
of (E—Eyg) for all the systems, excluding H™, of value 0.0136. The independence of
the correction on « is important, as it shows that the hardness must indeed depend
only the kinetic energy, as was assumed.

It is also reasonable that using the average value of the interelectronic potential
should correct the energy only to the Hartree—Fock level. There is no correlation
between the two electrons in \I'O, and Equation 11.18 introduces none. However, the
instantaneous value of (/r,,) does introduce correlation. Note that the correlation is
in u and not in U0, which is unchanged.
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Using the instantaneous value of (1/u) and the correct value of (1/u”), we
can recalculate ((u — ﬁ)2>, which is 0.2956a3, much greater than the 0.05480:02
of Equation 11.18. We will also find AE greater than before, showing correlation.
But if we use n= 2a(2), as before, we find AE = —0.0739 a.u., whereas we only need
a correction of about —0.058 a.u. The average hardness needed must be larger.
Adding v, to i almost works for He but is inadequate for Ne®™, because (ve) depends
on a, not on aoz. The hardness must be increased in a way that keeps it dependent
on a,’.

Fortunately the local hardness m(r) is simple enough so that we can solve
Equation 11.9 directly. This gives AE directly and the result of —0.0586 a.u. is
valid for all the systems. Adding this correction to E° gives the corrected energies
E., shown in Table 11.1. The closeness of E. to E, is better than could have been
expected, even with H™ included.

The average error is —0.005 a.u., which is 3.15 kcal/mol. Clearly this is near the
range of a chemically significant accuracy. Of course, if we now use the local
hardness and the v, of Equation 11.17, we no longer get the excellent agreement
that the average hardness gave. The calculated AE is only about —0.006 a.u. The
good results when the average hardness is used to correct the average potential must
be regarded as largely fortuitous. But there may be some connection between using
average values in both cases.

11.3 SUMMARY

It appears that the simple single-zeta function contains all the information needed to
calculate a nearly exact energy for the ground energy of all two-electron atomic
systems. The calculations are very simple. We need expressions for the local
chemical potential 1°, and the local hardness 7(r). These are properties of /° only.
The correction to the energy occurs by electron density moving to a lower energy
chemical potential. If the instantaneous value of the interelectronic potential is used,
the movement is correlated. Density moves from small values of ry, to larger values.
This causes a substantial lowering of (v.).

It is remarkable that the energy scale given by the chemical potential of an
approximate wave function can lead to an energy close to that of the exact wave
function. The implications are, of course, very great. But it is by no means certain
that these results for a two-electron, single-orbital system, can be generalized.

The conclusion that the local hardness is given entirely by the variable parts of
the kinetic energy is very logical. It is the kinetic energy increase which limits the
distribution of electron density in all systems with fixed nuclei. Since the equilibrium
state of atoms and molecules is characterized by minimum energy, they will also
be marked by maximum kinetic energy because of the virial theorem. This will put
them in agreement with the principles of maximum hardness, for which much
evidence exists.

The proof of the equation for local hardness is as much heuristic as mathe-
matical. The constant value for (E, — E®) over a large range of aq values is well
established. Since (u— @)* varies as a(z), the hardness must also vary as a%.
The validity of Equations 11.5 and 11.8 is supported by calculations showing that
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AE does equal ((ANAuw/2)), as predicted by Equation 11.8 [18]. This strengthens
Equation 11.9. The accuracy of AE is probably limited by Equation 11.5, which is
based on an expansion in which AN is small.

In earlier work, it was thought that (u — &) was an approximation for (u — o),
where g is the exact chemical potential. This is incorrect, as there is no assurance
that the calculation will lead to the exact value of the energy, or the exact py. The
advantage of using u is that it will always lower the energy and reduce the variance
of w, which are the desired results. Also it is an easily calculated property. Finally, if
pur 18 calculated independently, using Wy, it is found that (pgg — po) is zero when
(u — @) =0. That is, there is no driving force for density transfer at these points in
space [5]. This is not true for u = ug, or any other value for the chemical potential.

Extension of this method for correcting the energies of approximate wave
functions to systems containing more electrons and orbitals would be very useful.
But difficulties quickly arise. The interelectronic effects become complicated
because of exchange and correlation. More importantly, in DFT, it is only the highest
occupied orbital whose energy is equal to the electronic chemical potential. This
potential is valid for the total electron density.

However, in studies of the atoms from lithium to neon, good results have been
obtained by simply assuming that the orbital energies of lower-lying orbitals are
equal to “orbital” electronic potentials [5,19]. The calculations were made using a
global hardness equal or nearly equal to that derived in this work. The average
electron potential of Equation 11.17 was used. The energy corrections were made
only to the Hartree—Fock level, as expected. Similar calculations have been made for
Hj and H, [5].
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12.1 INTRODUCTION

In density functional theory (DFT), electron density is the key quantity determining
the properties of a molecular system. Electron density is always positive and its value
constitutes a fundamental descriptor. However, chemical reactivity of a molecule
cannot be described by its electron density alone, because the course of a reaction is
rather determined by its response toward different perturbations caused by an
approaching reagent. Sensitivities of an electron density toward structural modifica-
tions and its responses to changes in external potential and conditions are actually
more important in reflecting the reactivity of the corresponding system, than its
absolute values. Several global and local reactivity indices have thus been derived
within the framework of DFT that are basically the measures of molecular system’s
responses. As discussed in various chapters of this book, these global and local
reactivity indices, such as chemical potential (w), hardness (1), and Fukui function,
are defined as the first or second derivative of electronic energy and electron density.
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The global parameters help understanding the behavior of a system and lead to
applicable and useful principles such as the principle of maximum hardness (MHP)
[1]. In this chapter, however, our main focus is to introduce the working formula
of local reactivity parameters, their actual computations, and practical ways of
application to different types of organic reactions. In this process, we mention briefly
some of the relevant global reactivity parameters and their calculations as well just to
have continuity in the subject matter.

12.2 GLOBAL PARAMETERS

The chemical potential (), electronegativity (), hardness (), and softness (S) are
defined as follows [2]:

OE
- [=) =_ 12.1
M <3N>v<r> X (12.1)
_low\ 1 0’E
=3 (), "2 (owe),, (122
1
S = g (12.3)

where
E is the energy
N the number of electrons
v the external potential of the molecular system under consideration

Evaluation of u and n faces a practical difficulty due to the discontinuity of the
energy E with respect to the variation of N [3]. The implication of this discontinuity
in conceptual DFT has also been pointed out recently [4]. One generally makes a
finite difference approximation to calculate these quantities, and Scheme 12.1

dE\.
Slope = (m)~ (IE + EA)/2

d’E
Curvature = (—sz) = (IE - EA)
."““..Slope: -IE

Slope: —EA

St S S”

SCHEME 12.1
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provides a practical way for evaluating them. Accordingly, for a substrate S, the
energies of S, S*, and S~ are determined, all at the optimized structure of S to keep
the external potential constant, and the first vertical ionization energy (IE) and
electron affinity (EA) can be evaluated from the respective energy differences.
Once the energies of the neutral (S), cationic (S*), and anionic (S™) systems are
known, chemical potential and hardness (or softness) values can easily be estimated
from the following formulas:

= —(E +EA)/2 = (Ey;1 — Ey_1)/2 (12.4)
n=(E —EA)/2 = (Ey_1 + Eys1 — 2Ex)/2 (12.5)

In the simplest frozen orbital approach, both IE and EA values can be approximated
as the negative of the highest occupied molecular orbital (HOMO) and lowest
unoccupied molecular orbital (LUMO) energies, respectively, following the
Koopmans’ theorem. A better way is to calculate the energies of the system and
its cationic and anionic counterparts separately and then estimate w and 1 from
Equations 12.4 and 12.5, respectively.

The hardness (or softness) is a global molecular property and provides information
about the general behavior of a reactive molecule. Theoretical justification of the well-
known hard and soft acids and bases (HSAB) principle [5] has also been given using
chemical potential and softness [6]. Further explanations about the basis of HSAB rule
have been given from the minimum energy principle and MHP. It has been shown that
the fundamental driving force behind the HSAB principle is electron transfer [7].
When the HSAB principle was proposed, the size, charge, and dipole polarizability
(@) of systems were used for a qualitative hard and soft classifications. There have
been, in fact, numerous analytical and numerical evidences that softness has a closer
link with those properties, especially with polarizability [8,9] and can thus be used for
the hard—soft classification of molecules in a quantitative way.

12.3 LOCAL REACTIVITY DESCRIPTORS

In order to understand the detailed reaction mechanism such as the regio-selectivity,
apart from the global properties, local reactivity parameters are necessary for differ-
entiating the reactive behavior of atoms forming a molecule. The Fukui function [10]
(f) and local softness [11] (s) are two of the most commonly used local reactivity
parameters.

The Fukui function is primarily associated with the response of the density
function of a system to a change in number of electrons (N) under the constraint of
a constant external potential [v(r)]. To probe the more global reactivity, indicators in
the grand canonical ensemble are often obtained by replacing derivatives with
respect to N, by derivatives with respect to the chemical potential u. As a conse-
quence, in the grand canonical ensemble, the local softness s(r) replaces the Fukui
function f{(r). Both quantities are thus mutually related and can be written as follows:

_(9p()\ _ [ dn
fn = ( 5N )v(r)— (av(r))N (12.6)
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Accordingly, Fukui function also represents the response of the chemical potential of a
system to a change in external potential. As the chemical potential is a measure of the
intrinsic acidic or base strength, and the local softness incorporates the global reactivity,
both parameters provide us with a pair of indices to probe for example, the specific sites
of interaction between two reagents. Generally, it is demonstrated that the larger the
value of the Fukui function, the greater the reactivity of the corresponding site.

Once again, due to the discontinuity of the electron density with respect to
N, finite difference approximation leads to three types of Fukui function for a system,
namely (1) f*(r) for nucleophilic attack measured by the electron density change
following addition of an electron, (2) f () for electrophilic attack measured by the
electron density change upon removal of an electron, and (3) £°(r) for radical attack
approximated as the average of both previous terms. They are defined as follows:

) = pya(r) — py(r)
f ()= py(r) = py_y(r) (12.8)

1
o) = E[pN-H(r) — py-1(N]
Using one-electron orbital picture, Fukui functions can be approximately defined as

f+(r) = prumo(r)
S7(r) = paomo (") (12.9)

1
o) = 7 [eLumo (") — Promo ()]

These relations highlight the fact that the formalism of DFT-based chemical reacti-
vity built by Parr and coworkers, captures the essence of the pre DFT formulation of
reactivity under frontier molecular orbital theory (FMO). Berkowitz showed that
similar to FMO, DFT could also explain the orientation or stereoselectivity of a
reaction [12]. In addition, DFT-based reactivity parameters are augmented by more
global terms expressed in the softness.

For studying reactivity at the atomic level, however, a more convenient way of
calculating the f(r) functions at atomic resolution is used. The condensed-to-atom
Fukui functions for an atom & in a molecule are expressed as [13]

fif = q(N + 1) — gx(N)
fv = aN) —q(N — 1) (12.10)

1
=5 laN + 1) = gV = 1]

where g is the electronic population of atom k in the molecule under consideration.
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Fukui functions and other response properties can also be derived from the one-
electron Kohn—Sham orbitals of the unperturbed system [14]. Following Equation
12.9, Fukui functions can be connected and estimated within the molecular orbital
picture as well. Under frozen orbital approximation (FOA of Fukui) and neglecting
the second-order variations in the electron density, the Fukui function can be
approximated as follows [15]:

2
fo ~ |6 (12.11)

where ¢7(r) is a particular FMO chosen depending upon the value of & =+ or —.
Expanding the FMO in terms of the atomic basis functions, an orbital (say u)
component of the Fukui function can be defined as

[ = leual” + Cua Y CoaSuw (12.12)
vET

where
Cue 18 the expansion coefficient for orbital «
S is the overlap integral between basis functions y,(r) and x,(r)

Similar to condensed Fukui function defined in terms of atomic charge, one can also
define condensed-to-atom (k) Fukui function, by summing over contribution of all
the basis functions centered at k:

=Y "r (12.13)

nek

This provides us with an avenue for the direct evaluation of Fukui function without
considering the cationic and anionic systems. However, this approach is not gener-
ally accepted due to many inherent limitations, and Fukui functions are evaluated
from finite difference formula (Equation 12.10) using atomic charges. Once the
Fukui function is evaluated following a particular scheme, condensed-to-atom soft-
ness can easily be evaluated from the relation (following Equation 12.7)

sg=8-f¢ (a=+,—or0) (12.14)

Since all charge schemes obtained from partition of the total electron density are
arbitrary (do not come from first-principles), evaluation of Fukui functions from
Equation 12.10 suffers from the same deficiency. The value of the Fukui function
inherently depends upon the charge partitioning scheme and also on the quantum
chemical method and one-electron basis set used for electronic structure calculations.
Atomic net charges obtained from the natural population analysis (NPA) [16] and
electrostatic potential driven charges are perhaps the good choice for calculating
Fukui functions. Recently, it has been advocated that Hirshfelder population analysis
(HPA)-based atomic charges may be a better choice for Fukui function calculations,
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TABLE 12.1

Total Energies (Ey in a.u.) and Net Atomic
Charges (g) on Carbon and Oxygen Atom of
H,CO and Its Corresponding Cationic (H,CO™)
and Anionic (H,CO™) Species as Obtained from
the B3LYP/6-311G(d,p) Calculations at the
Optimized Structure of H,CO

H,CO H,CO* H,CO™
Er —114.53634 —114.13970 —114.47139
e 0.29 0.33 —0.26
% —0.48 0.06 ~0.75

especially to avoid seemingly unrealistic negative Fukui function [17], and plausible
explanations have also been given to show why partitioning scheme based on HPA
would be a better choice [18]. Another interesting aspect about these parameters is
that although their genesis is in DFT, they can however be calculated using any
electronic structure theory, either ab initio MO theory or DFT.

Let us consider an example for the calculation of reactivity parameters of
formaldehyde (H,CO) from DFT calculations (Table 12.1).

Accordingly, we can derive the different parameters as

* Hardness: n=(—114.13970 — 114.47139 + 2 x 114.53634) =0.2307 a.u. =
6.28 eV

* Condensed-to-atom Fukui functions for nucleophilic and electrophilic
attacks on H,CO estimated from Equation 12.10:

fF=626-571=055 and f =8.75—8.48 =027
f.=571-567=0.04 and f, =848 —7.94=0.54

Condensed-to-atom softness values for nucleophilic and electrophilic attacks can
easily be estimated by multiplying the respective FF values by global softness value.

12.4 SOME APPLICATIONS

12.4.1 APPLICABILITIES

The most useful and important application of Fukui function and local softness
resides in the interpretation and thereby, prediction of reaction mechanism, espe-
cially in the site selectivity or regioselectivity. Since long FMO theory has generally
been used to probe the regioselective nature of a reaction, in particular of organic
compounds, but the DFT-based local reactivity parameters have emerged as
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useful alternative tool for rationalizing, interpreting, and predicting diverse aspects of
chemical bonding and molecular mechanism. Let us first outline the general proced-
ures for applying local reactivity parameters.

In general, an application of Fukui function is based on the following consider-
ation: “Of the two different sites with generally similar dispositions for reacting with
a given reagent, the reagent prefers the one which is associated with the maximum
response of the system’s chemical potential. Thus, the greater the Fukui function
value the higher should be the reactivity’ [10].

The next consideration is the HSAB principle formulated at a local level. Let us
consider the interaction energy between two chemical species A and B, in which one
is electrophilic and the other nucleophilic. From a global point of view and neglect-
ing the effect of change in external potential of A and B, the change in grand
canonical potential can be expressed as [7a]

1 (ug — )’ o
AQpy=—-—""22-6§7§ 12.15
A 2 (Sp + S B A ( )

1 (pug — :u'A)2 2
AQp = —— 227 §°§ 12.16
B 2 (SA +SB)2 APB ( )

It can be shown that grand potential of all the atoms in A and B becomes minimum,
when A and B have an approximately equal global softness. Extending the idea to
the atomic level, when two molecules A and B approach to each other to form a new
molecule AB, then the change in grand potential for each atom in A (say i) and B
(say k) can be written as [19]

1 (ug = pa) o
AQp = —- BT HA) @ 12.17
A ) (SA+SB)2 B AfA ( )
I
AQu — LW =P g o (12.18)

2 (Sa+Sp)? A

If the interaction between A and B occurs through the ith atom of A and the kth atom
of B, then the most favorable situation that arises from the minimization of A{),; and
AQg, leads to so; = sg. Hence, the interaction between A and B is favored when it
takes place between those atoms whose softnesses are approximately equal. This is
essentially the local HSAB principle.

It has been shown [20] from the energy perturbation analysis that for hard
reaction, the site having a minimal Fukui function is the most reactive site, whereas
the site having the maximal Fukui function is preferred for soft reaction. This differs
slightly from the original proposition of Parr and Yang, but considering the fact that
hard reactions are generally dominated by long-range electrostatic interactions, such
a trend is expected. In fact, recently it was shown from the deprotonation study of
1,2-dialkylpyridinium ions, that reactivity for hard-hard interactions can be
explained only from minimal Fukui function criteria [21]. Of course, this conjecture
is yet to be tested for a wide variety of systems. Meanwhile, it has been demonstrated
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taking protonation of hydroxylamine as a test case that the hard—hard interactions are
actually charge controlled and thus charge is the better descriptor, whereas Fukui
function is the ideal descriptor for soft—soft interactions [22]. Moreover, for strong
polarizing reagent, or for reaction leading to strong charge reorganization (such as
protonation), this reactivity parameter may not be applicable, because they are based
on isolated molecular properties. Nevertheless, in most of the cases in organic
reaction, both hard and soft reactions can be rationalized by the softness matching
criteria originated from local HSAB principle.

12.4.2 INTRAMOLECULAR REACTIVITY

Evaluation of the only appropriate Fukui function is required for investigating an
intramolecular reaction, as local softness is merely scaling of Fukui function
(as shown in Equation 12.7), and does not alter the intramolecular reactivity trend.
For this type, one needs to evaluate the proper Fukui functions (f* or £ ) for the
different potential sites of the substrate. For example, the Fukui function values for
the C and O atoms of H,CO, shown above, predicts that O atom should be the
preferred site for an electrophilic attack, whereas C atom will be open to a nucleo-
philic attack. Atomic Fukui function for electrophilic attack (f-) for the ring
carbon atoms has been used to study the directing ability of substituents in electro-
philic substitution reaction of monosubstituted benzene [23]. In some cases, it was
shown that relative electrophilicity (f*/f~) or nucleophilicity (f/f*) indices
provide better intramolecular reactivity trend [23]. For example, basicity of
substituted anilines could be explained successfully using relative nucleophilicity
index (f ~/f ) [23]. Note however that these parameters are not able to differentiate
the preferred site of protonation in benzene derivatives, determined from the absolute
proton affinities [24].

The Fukui function for nucleophilic attack (f*) should be considered
for nucleophilic addition reaction. Experimentally observed higher reactivity of the
B-position for nucleophilic attack on different «,3-unsaturated aldehydes and
ketones could be explained from the higher value of f* for the B-position than
a-position [25].

12.4.3 INTERMOLECULAR REACTIVITY

To study the intermolecular reactivity of two partners, the general procedures to be
considered are

1. Classification of the two reactants as electrophilic or nucleophilic

2. Calculation of the appropriate local reactivity parameters (values for
nucleophilic attack for the electrophilic reactant and vice versa)

3. Application of the local HSAB principle to determine the preferred site
of attack

Each of the reactants (A and B) can be classified as electrophilic or nucleophilic by
evaluating the energy cost for an electron transfer from A to B, described by the
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-

term IE5, — EAg, or vice versa. The process associated with the lower energy cost
should be the preferred one in determining the reactant character.

SCHEME 12.2

12.4.3.1 [2+ 1] Addition

In this simplest type of addition reaction, a single interaction site at one of the
partners can react with two possible sites of the other partner (Scheme 12.2). In
general, two modes of attack (k — i or k — j) will have different reaction barrier
introducing different kinetics and regioselectivity.

The pathway characterized with the lower energy barrier is expected to be the
preferred reaction channel, especially when the addition leads to the same product.
Following the local HSAB principle, one has to look at the softness matching criteria,
and the minimum of [s; — sgy| and [s; — s, Will determine the preferred site of attack.

Example 1

Addition of isocyanide to dipolarophiles [26]. Energy cost analysis from the terms
[Ex—_y — EAyne and vice versa, shows that HNC acts as a nucleophile in these
addition reactions. Thus s~ for the C atom of HNC and s* for the X and Y atoms
should be considered for determining the preferred reaction site (Scheme 12.3).

It is clear from the As values in Table 12.2 that the site associated with the lower As
value, implying a better satisfaction of the local HSAB principle, is the preferred site
of attack for this type of reaction [26].

QO -
Q-

z
z,

SCHEME 12.3
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TABLE 12.2
Global and Atomic Softness Values of HNC and Various
Dipolarophiles Calculated from B3LYP/6-31G(d,p) Method

Molecule S Atom? st As
HN=C 1.694 C 1.88°
H,C=SiH, 2.733 C —0.31 2.19
Si* 2.31 0.43
H,C=NH 2.049 Cx* 1.00 0.88
N 0.56 1.32
H,C=0 2.121 C* 1.30 0.58
0 0.45 1.43
H,Si=0 2.481 Si* 2.34 0.46
0 0.10 1.78
HP=NH 2751 p* 2.11 0.23
N 0.48 1.40

Note:  As measures the difference between the softness of electrophilic attack of
the carbon atom of HNC and softness for nucleophilic attack for the X or
Y atom of dipolarophile. Values are given in a.u.
@ Preferred site of attack as determined by barrier height calculations is shown
by asterisk (*¥).
 Correspond to s~ value.

12.4.3.2 Cycloaddition Reactions

Perhaps the most successful application of Fukui function and local softness is in the
elucidation of the region-selective behavior of different types of pericyclic reactions
including the 1,3-dipolar cycloadditions (13DC), Diels—Alder reactions, etc. These
reactions can be represented as shown in Scheme 12.4. Considering the concerted
approach of the two reactants A and B, there are two possible modes of addition as
shown in Pathway-I and Pathway-II.

OGN0,
o

Pathway-I

Pathway-II

SCHEME 12.4
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These two paths are normally associated with different barrier heights intro-
ducing, thus, a regio-selectivity in the cycloadditive process. The path associated
with the lower energy barrier should be preferred, and the corresponding cycloadduct
will be dominant. Now, direct application of HSAB at the local level is not possible
here, because it has to be satisfied for both the termini simultaneously. A softness
matching criteria, thus, needs to be defined for the multisite interaction that measures
the extent of the fulfillment of local HSAB principle. A quantity (As) can, thus, be
defined to measure the softness matching criteria for the two paths in a least square
sense, and the minimum value of this quantity should be preferable [27]:

2

Asg»l = (sl-_ — s,j')2—|—(sj_ - s?')
_ 2 _ 2

Asfjl.‘ = (sl. fsf) Jr(sj - s,j)

The smaller value of these two quantities should indicate the lower energy TS and
thereby, the preferred mode of cycloaddition:

(12.19)

min AY(TS) — TS*

The regiochemistry of several types of 13DC reactions have successfully been
explained using this softness matching critera [28,29]. Interestingly, it was also
observed that the lower energy transition structure (TS) has larger hardness and
lower polarizability compared to the other TS of addition [28,29]. Let us consider a
typical 13DC whose main characteristics are shown in Example 2 and Scheme 12.5.

Example 2

Cycloaddition reaction of phenylazide with styrene and phenylacetylene (Scheme
12.5) [29a]. Two possible cycloaddition products are shown, but in both the cases

L P;l Y

Reverse
Ph Normal
/N Ph
+ N
_—
Ph N
Ph
/ Normal Reverse
Ph Ph

SCHEME 12.5
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the first one (normal) is known to be the major product. The 1,3-dipole phenylazide
acts as a nucleophile in these reactions. The As values were estimated for both
possible orientations for additions to various dipolarophiles, from the appropriate
atomic softness values calculated from the B3LYP/6-31G(d,p) method. The As values
for the two products of phenylazide and styrene reaction are 0.11 and 0.42, respect-
ively, whereas the As values are 0.17 and 0.46 for the two products of phenylazide
and phenylacetylene reaction. Thus in both the cases, the approach that satisfies
local HSAB principle to a larger extent, is found to be the preferred product.

Applications of local HSAB principle have been used for the determination of
the softer regions in Si clusters by using Ga as probe atom [30a], or the site for
H-atom adsorption on Si clusters. In the latter case, the isomer predicted by the Fukui
function was found but it is not always the most stable one. The use of the reactivity
indices is only valid when the adsorption process does not induce strong deformation
of the cluster [30b].

Local HSAB principle can also be used to calculate the relative homolytic bond
dissociation energies (BDE). For the homolytic dissociation of para-substituted
phenols:

X—C(,H470H — X*C6H4O + H

the negative of interaction energy (AE;,,) can be estimated from the expression [31]

A — (Bxcgo = M)° A(mgmo)
“AE, = — _
" 2(my + mo) 2(my + Mo)

(12.20)

where
ux and my are the chemical potential and hardness for the species x where
X =0, H; O stands for XC¢gH,O
A is an adjustable parameter related to the effective number of electrons

The AE;, value provides the corresponding BDE. It was shown that good relative
BDE could be obtained from a suitable choice of value for the parameter A.

The use of a dual descriptor defined in terms of the variation of hardness with
respect to the external potential, and it is written as the difference between nucleo-
philic and electrophilic Fukui functions, Equation 12.21, can also be used as an
alternative to rationalize the site reactivity [32]:

Af(ry =f"(r) = f(r) (12.21)

12.4.3.3 Radical Reactions

Addition of radicals to a different unsaturated substrate is an important class of
organic reactions. To understand its regiochemistry, one needs to examine the
condensed Fukui function (f°) or atomic softness (s°) for radical attack of the
different potential sites within the reactant substrate. We consider now a simple
problem summarized in Example 3.
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SCHEME 12.6
Example 3

The regiochemistry of methyl radical attack (CHs) to a series of substituted ethylenes
(Scheme 12.6) [33]. Generally, the radical attack occurs at the less substituted
end of of the olefins. It has been found that while there is no correlation between
the global softness (S) for radicals and the barrier heights for radical addition, the
barrier tends to decrease with the increase in electronegativity of the radicals.

The f° value calculated at the B3LYP/6-31G(d,p) level was found to be consistently
larger for the less substituted carbon atom than the substituted bearing carbon atom.

Radical addition takes place at the carbon atom with greater atomic softness value
for radical attack, in agreement with the numerous experimental observations. This
proposition works well as long as potential sites of radical attack have similar atoms.
There is a certain correlation between the s° values and barrier heights when only the
additions to carbon atom are taken into account. In contrast, the £ values fail to explain
the observed regiochemistry of radical addition to heteroatom double bond (C=X), or to
heteronuclear ring compounds [34]. In fact, the f° or s values are consistently greater
for oxygen atom than the carbon atom in aldehydes, but the radical attack takes place
at the carbon atom. The main reason behind this failure lies in the inherent deficiency
in the definition of the Fukui function for radical attack. The present definition
0= %(f * 4 f7) considers the radical as amphoteric and it has no tendency to gain or
lose electron. Most importantly, this definition implies the same site selectivity for the
addition of all radicals to a particular substrate, which is simply unrealistic.

One possible solution of this problem is to differentiate a radical first as electrophilic
or nucleophilic with respect to its partner, depending upon its tendency to gain or lose
electron. Then the relevant atomic Fukui function (f* or f7) or softness (st or s7)
should be used. Using this approach, regiochemistry of radical addition to heteratom
C=X double bond (aldehydes, nitrones, imines, etc.) and heteronuclear ring compounds
(such as uracil, thymine, furan, pyridine, etc.) could be explained [34]. A more rigorous
approach will be to define the Fukui function for radical attack in such a way that it
takes care of the inherent nature of a radical and thus differentiates one radical from
the other.

12.4.3.4 Radical Abstraction Reactions

DFT-based descriptors can be applied for studying the most potential site for
hydrogen abstraction reaction of a radical from a substrate. For H-abstraction
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processes from a series of polycyclic aromatic hydrocarbons (PAHs), local softness
is found to be well suited to predict the preferred H-abstraction site [35]. A
qualitative agreement is also observed between local softness differences (between
softness of H atom and the central atom of the abstracting radical) and energy
barriers at 0 K [36]. It was also observed for the H-abstraction reaction of propene
with a series of radicals (such as CH3, CF;5, C,H, C,H3, C,Hs, OH) that the barrier
height for H-abstraction decreases with the increase in electronegativity of the radical,
and a linear relation is observed between them [37]. The more electronegative is the
attacking radical, the lower is the energy barrier for H-abstraction.

12.5 FURTHER COMMENTS AND OUTLOOK

We discussed mainly some of the possible applications of Fukui function and local
softness in this chapter, and described some practical protocols one needs to follow
when applying these parameters to a particular problem. We have avoided the deeper
but related discussion about the theoretical development for DFT-based descriptors
in recent years. Fukui function and chemical hardness can rigorously be defined
through the fundamental variational principle of DFT [37,38]. In this section, we
wish to briefly mention some related reactivity concepts, known as electrophilicity
index (W), spin-philicity, and spin-donicity.
The electrophilicity of a system is defined as [39]

w="— (12.22)

The name stems from the fact that the above relation resembles the equation of
power (=V?/R) in classical electricity. It, therefore, represents the electrophilic
power of a chemical species.

Following Equation 12.14, the corresponding condensed-to-atom philicity index
can be expressed as [40]

oy, =w-ff (a=+,—,0r0) (12.23)

These indices have been used to study the reactivity for a series of chlorobenzenes
and a good correlation is observed, for example, between W and toxicity of chlor-
obenzene [41]. For a detail discussion of this concept and its applications, we refer
the readers to a recent review [41,42]. For studying intramolecular reactivity, these
philicity indices and local softness contain the same information as obtained from the
Fukui functions, because they simply scale the Fukui functions. In some cases the
“relative electrophilicity’’ and “‘relative nucleophilicity’’ may be used although they
provide similar trends as s(¥) and w(7) in most cases [43]. In the same vein, the spin-
donicity and spin-philicity, which refer to the philicity of open-shell systems [44],
could also be utilized to unravel the reactivity of high-spin species, such as the
carbenes, nitrenes, and phosphinidenes [45].

In summary, the DFT-based reactivity descriptors are conceptually simple
and easy to evaluate. They are useful for studying reactivity, especially in probing
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the regiochemistry of different types of chemical reactions. As these parameters
incorporate the essential features of frontier orbital theory, they are expected to have,
at least, similar performance, and thus provide an alternative to the latter. In both
approaches, one needs to be careful about their applicability to a particular problem
and their limitations. The DFT-based reactivity descriptors are good prediction
tools, especially for soft—soft interaction where electronic factor dominates the
course of a reaction.
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13.1 INTRODUCTION

Electrophilicity [1] is the property of being electrophilic and a measure of the the
relative reactivity of an electrophile. An electrophile is a reagent attracted to elec-
trons that participates in a chemical reaction by accepting electrons to form a bond
with the nucleophile. Because electrophiles accept electrons, they are Lewis acids [2]
according to the general acid-base theory of Bronsted and Lowry [3,4]. Most
electrophiles are positively charged, having an atom which carries a partial positive
charge, or does not have an octet of electrons. Qualitatively, as Lewis acidity is
measured by relative equilibrium constants, electrophilicity is measured by relative
rate constants for reactions of different electrophilic reagents toward a common
substrate (usually involving attack at a carbon atom). Closely related to electrophi-
licity is the concept of nucleophilicity, which is the property of being nucleophilic,
the relative reactivity of a nucleophile. A nucleophile is a reagent that forms a
chemical bond to its reaction partner (an electrophile) by donating bonding electrons.
Because nucleophiles donate electrons, they are by definition Lewis bases. All
molecules or ions with a free pair of electrons can act as nucleophiles, although
anions are more potent than neutral reagents.

It is generally believed that it was Ingold [1] in the early 1930s who proposed the
first global electrophilicity scale to describe electron-deficient (electrophile) and
electron-rich (nucleophile) species based on the valence electron theory of Lewis.
Much has been accomplished since then. One of the widely used electrophilicity
scales derived from experimental data was proposed by Mayr et al. [5—12]:

179
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logk = s(E + N), (13.1)

where
k is the equilibrium constant involving the electrophile and nucleophile
E and N are, respectively, the electrophilicity and nucleophilicity parameters
s is a nucleophile-specific constant

The second well-known electrophilicity or nucleophilicity scale was by Legon and
Millen [13,14]. In this scale, the assigned intrinsic nucleophilicity is derived from the
intermolecular stretching force constant k, recorded from the rotational and infrared
(IR) spectra of the dimer B ... HX formed by the nucleophile B and a series of HX
species (for X halogens) and other neutral electrophiles. The nucleophilicity number
in this case is obtained from the empirical relation

k = cNE, (13.2)

where
c is a constant
N is the nucleophilicity value of B
E is the electrophilicity value of HX

The implementation of this model is as follows: a nucleophilicity number n = 10 for
H,0 and an electrophilicity number E = 10 for HF were assigned as references.

In addition to the above prescriptions, many other quantities such as solution
phase ionization potentials (IPs) [15], nuclear magnetic resonance (NMR) chem-
ical shifts and IR absorption frequencies [16—18], charge decompositions [19], low-
est unoccupied molecular orbital (LUMO) energies [20-23], IPs [24], redox
potentials [25], high-performance liquid chromatography (HPLC) [26], solid-state
syntheses [27], K. values [28], isoelectrophilic windows [29], and the harmonic
oscillator models of the aromaticity (HOMA) index [30], have been proposed in the
literature to understand the electrophilic and nucleophilic characteristics of chemical
systems.

13.2 THEORY

Can the concept of electrophilicity be generally formularized on a solid theoretical
ground? In 1999, prompted by an earlier proposal by Maynard et al. [31], the concept
of electrophilicity index was quantitatively introduced by Parr et al. [32] as the
stabilization energy when atoms or molecules in their ground states acquire addi-
tional electronic charge from the environment. The question to address is to what
extent partial electron transfer contributes to the lowering of the total binding energy
by maximal flow of electrons.

Consider an electrophile immersed in an idealized zero-temperature free electron
sea of zero chemical potential, which could be an approximation to its binding
environment in a protein, a DNA coil, or a surface. It will become saturated with
electrons, to the point that its chemical potential increases to zero, thereby becoming
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equal to the chemical potential of the sea. To the second order, the energy change AE
due to the electron transfer AN satisfies the formula [33]

AE = uAN + 1/2m(AN)?, (13.3)

where w and 7 are the chemical potential (negative of the electronegativity) and
chemical hardness, respectively defined by

OE
m= (ﬁ); (13.4)
and
O’E
n= <W>v, (13.5)

with v(r) as the external potential of the electrophile. According to Mulliken [34-38],
using a finite difference method, working equations for the calculation of w and 7
may be given as

1
p=-—x=-70+4) (13.6)

and
n=1—-A, (13.7)

where I and A are the first IP and electron affinity (EA), respectively. According to,
the Koopmans’ theorem for closed-shell molecules, based on the finite difference
approach, I and A can be expressed in terms of the highest occupied molecular orbital
(HOMO) energy, enomo, and the LUMO energy, &1 ymo, respectively, I = —egomos
A= —&Lumo-

If the electron sea provides enough electrons, the electrophile will become
saturated with electrons according to Equation 13.3

dAE

" — 13.
aan = (13.8)

leading to the maximum amount of electron charge (see examples in Table 13.1)

ANmax = _E, (13.9)
n
and the total energy decrease
>
AE i = ——. (13.10)
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TABLE 13.1

lonization Potential (IP), Electron Affinity (EA),
Maximal Charge Acceptance AN.y, and
Electrophilicity Index w in the Ground State for the
First and Second Row Atoms (Units in eV)

P EA ANpmax »
H 13.60 0.75 0.56 2.01
Li 539 0.62 0.63 0.95
B 8.30 0.28 0.54 115
C 11.26 1.26 0.63 1.96
N 14.53 0.07 0.50 1.84
0 13.62 1.46 0.62 2.34
F 17.42 3.40 0.74 3.86
Na 5.14 0.55 0.62 0.88
Al 5.99 0.44 0.58 0.93
Si 8.15 1.39 0.71 1.68
P 10.49 0.75 0.58 1.62
S 10.36 2.08 0.75 2.34
cl 12.97 3.61 0.89 3.67

Notice that since n > 0, we always have AE <0, i.e., the charge transfer process is
energetically favorable. We proposed the new density functional theory (DFT)
reactivity index, electrophilicity index w as

w=— (13.11)

as the measure of electrophilicity of an electrophile. The reason that w can be viewed
as a measure of the electrophilicity power is because it is analogous to the classical
electrostatics power, VZ/R, and p and m serve the purpose of potential (V) and
resistance (R), respectively.

Is the electrophilicity index in Equation 13.11 consistent with the experimental
electrophilicity scale proposed by Mayr et al. in Equations 13.1 and 13.2? To test the
reliability of the theoretical electrophilicity scale, Pérez et al. [39] selected a series of
diazonium ions whose global electrophilicity pattern was evaluated earlier by Mayr
et al. [5-12]. The series included the benzenediazonium ion and a series of substi-
tuted derivatives containing a wide variety of electron-withdrawing and electron-
releasing groups in the ortho- and para-positions. The strong correlation between the
E value in Equation 13.1 and the w value in Equation 13.11, is shown in Figure 13.1,
suggesting that the global electrophilicity pattern of a series of diazonium ions, as
described by the global electrophilicity index introduced by Equation 13.11, com-
pares fairly well with the kinetic scale of electrophilicity proposed by Mayr et al. in
Equation 13.1.

Also, since EA is a quantity that measures the capability of an electrophile to
accept an electron, is EA related to w? It is anticipated that w should be related to EA,
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Experimental electrophilicity, E
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FIGURE 13.1 Correlation between experimental electrophilicity (£) and theoretical electro-
philicity (w) of a series of benzene diazonium ion and its derivatives containing a large variety
of electron-releasing and electron-withdrawing groups in the ortho- and para- positions.
(Reprinted from Pérez, P., J. Org. Chem., 68, 5886, 2003; Pérez, P., Aizman, A., and Contreras,
R., J. Phys. Chem. A, 106, 3964, 2002. With permission.)
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because both w and EA measure the capability of an agent to accept some number of
electrons. However, EA reflects the capability of accepting only one electron from
the environment, whereas the electrophilicity index w measures the energy lowering
of a ligand due to maximal electron flow between donor and acceptor. The electron
flows may be either less or more than one. Figure 13.2 gives w versus EA for 54
neutral atoms and 55 simple molecules in the ground state, showing that EA is
somehow related to @ but does not correlate well with it. Further examinations
indicate that the outliers in the Figure 13.2 are those whose AN« values from
Equation 13.9 are less than 1.

13.3 EXTENSIONS

Since its inception, the concept of electrophilicity index as the theoretical measure of
the electrophilic power of an electrophile has attracted considerable interests in the
literature. There has been a comprehensive review in Chemical Reviews by Chattaraj
et al. [40] specifically on this topic. Only a few recent extensions and developments
according to my personal flavor are outlined here. For more information and
comprehensive review of the subject, refer to Ref. [40].

13.3.1 NUCLEOPHILICITY

The pair of electrophilicity and nucleophilicity comes together in chemistry text-
books. Just as the former is formally defined in Equation 13.11, is there a similar,
straightforward formalization for the latter? It turns out that it is not the case. One of
the reasons may lie in the theoretical difficulty in dealing with local hardness [41,42],
a quantity that is intrinsically related to nucleophilicity. Another reason stems from
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the more intriguing role that the electrophilic partner plays. Since different electro-
philic molecules can accept different amount of charge, a nucleophile can be a good
donor for one electrophile but a bad one for another, leading to the difficulty, if not
impossible, to define a universal scale of nucleophilicity for a nucleophile.
Recently, Jaramillo et al. [43] introduced a nucleophilicity scale, depending on the
electrophilic partner, and suggested that the nucleophilicity index can be written as

- 1IU«A—,U~B>2
w == (FaT ) (13.12)
2<77A+7713 A

assuming that A is the nucleophile and B is the electrophile. Hence, the correspond-
ing nucleophilicity scale is of a relative nature, in contrast to the absolute nature of
the electrophilicity scale. They considered the process with the grand canonical
ensemble, where the natural variables are the chemical potential and the external
potential [44]

Q = Qpu, v(r)|. (13.13)
Assuming that the external potential is fixed and is in light of Equation 13.3, one has
AQ = —NAp — 1/2 S(Aw)*. (13.14)
Minimizing AQ) in Equation 13.14 with respect to Aw, one has
Auw=—-N7n and AQ = —1/2Nq. (13.15)
Making use of the following relation by Parr et al. [33] and Malone [45],

N=Ha—"Hs (13.16)

At

one then obtains Equation 13.12. Correlating Equation 13.12 with the experimentally
defined nucleophilicity scale in Equation 13.2 showed strong statistical significance
(see Figure 13.3 as an example).

De Proft and coworkers [46] recently examined the relationship between Equa-
tions 13.11 and 13.12 for a group of radicals (Figure 13.4) and found that the global
electrophilicity index and the nucleophilicity index for 35 radicals correlate well, but
for some weak electrophiles and nucleophiles and the hydroxyl radical, which possess
very large values of the chemical hardness, only intermediate to large values of the
electronic chemical potential are encountered. For 15 radicals, a comparison between
the classifications obtained with the global electrophilicity index and Principal Com-
ponent analysis (PCA) was made. The agreement is astonishingly good, considering
that the theoretical electrophilicity scale is absolute and free from input of reaction data
(neither experimental nor theoretical).

Other proposals on the theoretical quantification of nucleophilicity are available in
the literature. For instance, Chattaraj et al. [47] suggested a multiplicative inverse of
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the electrophilicity index (1/w), as well as an additive inverse (1 — w). Cedillo et al.
[48] proposed a nucleophilicity index employing the electrostatic potential with a test

charge g atrg, = = — % |go(r0)|2 /{X),,» where @(rp) is the electrostatic potential at ro,
x(r,¥) is the first-order static density response function, and the quantity () ry 18

defined by
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Figure 13.5 shows its correlation with the experimental scale [13].

13.3.2 LocAL EXTENSIONS

To describe the electrophilic character of a reactive site within a molecule, a local
electrophilicity index w(r) has been proposed [49,50]:

o) = of T (r) (13.17)

with f*(r) the Fukui function for nucleophilic attack. For the computation of f"(r) the
finite differences approximation condensed to atoms using electronic population
analyses through, for example, the natural population analysis (NPA) can be used.
For the analysis of electrophile—nucleophile interactions, w(r) has been found to be a
better reactivity descriptor than the corresponding Fukui function, because the local
electrophilicity index is a product of a global index, w, and a local index, £ (r) [51].

N =3.318 + 6.208w
R=0.971; N =8; P <0.0001

Experimental nucleophilicity ()

T T T T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Nucleophilicity index w (eV)

FIGURE 13.5 Comparison between experimental gas-phase nucleophilicity n in Equation
13.2 and the theoretical nucleophilicity index w™ evaluated at the B3LYP/6-311(d,p) level of
theory for the series of neutral nucleophiles that have been fully investigated using the
experimental spectroscopic scale given in Ref. [10]. R is the regression coefficient, N the
number of points included in the regression, and P the probability that the observed correlation
was randomly obtained. (Reprinted from Cedillo, A., Contreras, R., Galvdn, M., Aizman, A.,
Andrés, J., and Safont, V.S., J. Phys. Chem. A, 111, 2442, 2007. With permission.)
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A generalized version of the above local quantity termed as philicity has been
made by Chattaraj et al. [52], who extended the local quantity through the resolution
of the identity associated with the normalization of the Fukui function as

0= J F(r)dr = wa(r)dr = Jw(r)dr (13.18)

where
w(r) = of (r). (13.19)

Notice that from w(r), one can also obtain local softness, global softness, and
hardness when chemical potential is given. The corresponding condensed-to-atom
variants may be defined as

of =off; witha=+, —, 0 (13.20)

13.3.3 MINIMUM ELECTROPHILICITY PRINCIPLE

Is there a minimum electrophilicity principle (MEP) in chemical processes, analogous
to the maximum hardness principle (MHP) [53-55]? Noorizadeh [56,57] and Chat-
taraj [58] separately addressed the issue and concluded that “‘the natural direction of a
chemical reaction is toward a state of minimum electrophilicity.” In a recent work,
Noorizadeh [57] investigated the regio and stereoselectivity of a few Patern6—Biichi
reactions and found that although in most cases MHP successfully predict the major
oxetane products of these reactions, but in all of the considered reactions, with no
exception, the main products have the lesser electrophilicity values than the minor
isomers, and therefore MEP correctly predicts the most stable stereoisomer of the
reaction, suggesting that not only MEP is able to predict correctly the regioselectivity
during a photocycloaddition reaction, but it also successfully predicts the major
stereoisomer for the reaction. It was claimed that at equilibrium, a chemical system
attempts to arrange its electronic structure to generate species with the lesser electro-
philicity so that more stable isomers correspond to lesser electrophilicity values.

13.3.4 OTHER DEVELOPMENTS
Two new reactivity indices related to electrophilicity and nucleophilicity, electro-
fugality and nucleofugality, have recently been introduced by Ayers et al. [59-61].
Electrofugality AE, is defined as

AE. =w+1, (13.21)
and AE, as

AE, = w — A, (13.22)
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assessing the quality of electron-fleeing and electron-accepting, leaving groups,
respectively, in terms of the leaving group’s ionization potential 7 and EA A. This
definition allows one to measure the inherent quality of a leaving group, as opposed
to the effects due to a particular reaction environment (e.g., molecule- and solvent-
specific effects).

Extension of Equation 13.11 to spin-polarized DFT has recently been made,
from which two new concepts were proposed: spin-philicity and spin-donicity
[62,63], where the system of interest was considered to be embedded in a zero-
potential sea of spins, emphasizing that the spin properties of electrons have to be
considered in the treatment. A good linear correlation has been revealed between the
energy difference estimated by the sum of the spin potentials and the vertical triplet
energy gaps independent of the ground state of the molecule and the atomic number
of the central atom. The spin-philicity values can predict the singlet—triplet gaps to a
satisfactory accuracy [62,63].

13.4 RECENT APPLICATIONS

Besides the applications of the electrophilicity index mentioned in the review article
[40], following recent applications and developments have been observed, including
relationship between basicity and nucleophilicity [64], 3D-quantitative structure
activity analysis [65], Quantitative Structure-Toxicity Relationship (QSTR) [66],
redox potential [67,68], Woodward—Hoffmann rules [69], Michael-type reactions
[70], Sn reactions [71], multiphilic descriptions [72], etc. Molecular systems
include silylenes [73], heterocyclohexanones [74], pyrido-di-indoles [65], bipyridine
[75], aromatic and heterocyclic sulfonamides [76], substituted nitrenes and phosphi-
nidenes [77], first-row transition metal ions [67], triruthenium ring core structures
[78], benzhydryl derivatives [79], multivalent superatoms [80], nitrobenzodifuroxan
[70], dialkylpyridinium ions [81], dioxins [82], arsenosugars and thioarsenicals [83],
dynamic properties of clusters and nanostructures [84], porphyrin compounds
[85-87], and so on.

13.5 CONCLUDING REMARKS

The purpose of this chapter is to give a general, pedagogical introduction about how
electrophilicity and related chemical concepts can theoretically be quantified
together with brief outlines of some recent developments in the literature. The
formulation in Equation 13.11 has been showing tremendous interpretive power
and predictive potential in providing insights about structure, properties, stability,
reactivity, bonding, toxicity, and dynamics of many-electron systems in ground and
excited states for systems from almost every arena of chemistry. The field is still
undergoing vivid and ever-expanding developments as witnessed by the growing
number of published papers each year pertaining to the title topic.

Looking ahead, I am optimistic that we will see continued growth of our
knowledge about this and other conceptual DFT-based reactivity and selectivity
descriptors as well as broadening applications in understanding a diverse class of
biophysicochemical properties and processes.
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14.1 INTRODUCTION

Our attempt in this chapter is to demonstrate the application of density functional
theory (DFT) to real-life problems in transition metal organometallic chemistry
through examples. Organometallic chemistry is an area where use of DFT to predict
the structure, bonding, and reactivity has become complementary to experimental
studies. A major part of the organometallic chemistry can be viewed profitably as
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resulting from the replacement of small groups in the organic structures by the
transition metal fragments. The transformation of the organic moiety as a result of
the attachment of a metal fragment is so delicate and specific that seemingly similar
fragments make large changes in the system. We have selected the reactions of the
biscyclopentadienyl titanium (Cp,Ti) and biscyclopentadienyl zirconium (Cp,Zr)
complexes as an example to demonstrate the dramatic changes brought in by these
metallocenes. The in situ generated metallocenes (Cp,Ti, Cp,Zr), with d? valence
electron count, have been playing a pivotal role in the stoichiometric and catalytic
reactions [1]. In their many different forms, these metallocenes are extensively used as
catalysts in olefin polymerization [2]. Their importance is attributed to their specific
catalytic activity for the generation of stereoregular and stereospecefic polyolefins.
Cp,Ti and Cp,Zr are also used in the synthesis of several precursors for the organo-
metallic chemical vapor deposition of ceramic thin films [3]. Recently, Chirik and
coworkers reported the formation of a tetramethylated cyclopentadienyl zirconium
complex with side-on bound dinitrogen. This dinitrogen complex on hydrogenation
gives ammonia [4a]. Pentamethylated cyclopentadienyl derivative of zirconium com-
plex under similar reaction conditions forms end-on-bound dinitrogen complex and
further reaction of this complex with H, does not yield ammonia [4]. On the contrary, a
similar reaction with dinitrogen complexes of Cp,Ti does not show any activity
toward the addition of H, across the Ti—N bonds [4d]. DFT calculations performed
by Morokuma and coworkers explain these experimental observations [5]. The
metallocenes (Cp,Ti, Cp,Zr) play an important role in the C—C coupling and
cleavage reactions of unsaturated molecules such as alkynes, olefins, acetylides,
and vinylides [1,6,7]. The difference in the reactivity of Cp,Ti and Cp,Zr complexes
toward C—C coupling and cleavage reaction is dramatic. The systematic study of
Rosenthal [7a,b], Erker [7c—e], and others [7f-0] reveals that, from similar
starting materials, titanocene forms the C—C coupled structure 1 (the two central
carbon C2 and C3 are connected by a bond), whereas zirconocene favors the structure
2, where the coupling between the two central carbon atoms C2 and C3 is absent
(Scheme 14.1) [7].
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SCHEME 14.1 Schematic representation of the structural variations observed for the acetyl-
ide bridging in the bimetallic complexes of various transition and nontransition metals.
Structures 1 and 2 are reported for M =Ti, Zr, and structures 3 and 4 are reported for
M=Li, Be, Al, Ga, In, Cu, Ag, Er, and Sm. (Reproduced from Pravan Kumar, P.N.V. and
Jemmis, E.D., J. Am. Chem. Soc., 110, 125, 1988. With permission.)
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Our interest in this started with the structural variations available for the com-
plexes where two acetylide ligands bridge between two metal centers (Scheme 14.1).
These structural variations are observed (1, 2, 3, and 4) as a function of metal.
The main group bimetallic complexes of Li, Na, Be, and Al prefer structures 3 and 4
(Scheme 14.1) and transition metals prefer structures 1 and 2 [7,8]. Even though
acetylinic 7 bonds of the bridged acetylides in 4 are slightly bent, they are not
strongly involved in the interaction with the metal centers. This is evident from the
C1—C2 distances of the acetylide units, which are almost the same in structures 3
and 4 [8]. The situation changes considerably in the presence of transition metal
fragments Cp,Ti and Cp,Zr, where either  bridging structure 2 or C—C coupled
structure 1 is preferred over structures 3 and 4. Interestingly, Ti gives the C—C
coupled structure 1 as a final product, whereas Zr gives the C—C cleaved structure 2
as the final product [7]. The formation of C—C coupled structure for Ti and C—C
decoupled structure for Zr led to the theoretical study of the reactivity of Cp,M
(M =Ti, Zr) fragments. Rosenthal et al. (Scheme 14.2a) [9] and Lang et al.
(Scheme 14.2b) [7m] independently suggested the plausible reaction mechanism
for this C—C coupling and decoupling reactions exhibited by Cp,M (M =Ti, Zr)

Cp,M
\ Cp,M % Cp,M % MCp,
R
R R
R
Cp,M + | |
R R R R
/4 A 4
MCp,
Cp,M MCp, Cp,M MCp, CpM Y
N\ 7
v g
(@) R

=

Y.
- |
3

Z

5

Z
A

Z

<

@)

3

<

WE< >EW
=

Z

<

<

Z

<

SCHEME 14.2 (a) Mechanistic scheme proposed by Rosenthal and coworkers for the forma-
tion of various complexes of Ti and Zr acetylides. (b) Reaction steps proposed by Lang and
coworkers for the formation of the C—C decoupled complex of Ti and Zr. (Reproduced from
Jemmis, E.D. and Giju, K.T., J. Am. Chem. Soc., 120, 6952, 1998. With permission.)
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fragments. The mechanism proposed by Lang included a paramagnetic complex of
type 3, which was also suggested by Royo et al. [71]. This paramagnetic dimer 3 was
found to isomerize to the diamagnetic structures 1 and 2 depending on the solvent
and temperature. According to Rosenthal, exchange of acetylides is possible at some
stage of the reaction, which leads to butadiyne, that is different from what present
in the beginning of the reaction [10]. Therefore, this reaction can be considered as an
alkane metathesis reaction (Equation 14.1).

R—C=C—C=C—R + R —C=C—C=C—FR’
C

.M _ _ ’
M=Ti, Zr

Over the years, we have developed detailed understanding of the reactions of
the Cp,M fragment to form several metallacycles and further reaction of those
metallacycles [11]. The metallacycles are involved in important reactions such as
the synthesis of carbocyclic and heterocyclic compounds and they have unusual
ability to stabilize highly reactive organic entities [1,6]. We begin our discussion
with a description of the nature of the frontier orbitals of bent metallocenes, followed
by their reactions with organic ligands to form unusual metallacycles, especially
the metallacyclocumulenes. We will particularly concentrate on the structure,
bonding, and reactivity of the key intermediate of the C—C coupling and decoupling
reactions, the metallacyclocumulene (5). The organic counterpart of the metallacy-
clocumulene is not stable due to high ring strain [11e]. The possible isomeric forms
of metallacyclocumulene (5) are metallacyclopropene (6) and metal bisacetylide (7)
(Scheme 14.3) [11d]. The preference for these isomers varies with the metal in the
CpoM (M =Ti, Zr) fragment. Zr prefers the metallacyclocumulene (5) complexes
and Ti exists in a dynamic equilibrium between the metallacyclocumulene (5) and
metallacyclopropene (6) [7e,9b]. Our DFT calculations explain these observations
[11f]. Lastly, we describe the different mechanistic steps involved in the C—C
coupling and cleavage reactions of Ti and Zr complexes using DFT studies.

We have used hybrid HF-DFT method, B3LYP [12,13] for optimization of the
molecules using Gaussian program package [14]. This method is based on Becke’s
three-parameter functionals including Hartree—Fock exchange contribution with a
nonlocal correction for the exchange potential proposed by Becke [13a,b] together
with the nonlocal correction for the correlation energy provided by Lee et al. [13c].

Z Yy :
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2 ¥ X ¥ N\
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SCHEME 14.3 Schematic representation of different isomers of Cp,M(C4R5), M =Ti, Zr;
metallacyclocumulene (5), metalacyclopropene (6), and metal bis-acetylide (7) complexes.



Application of Density Functional Theory in Organometallic Complexes 197

We used the LANL2DZ basis set with the effective core potentials of Hay and
Wadt [15]. Frequency calculations were carried out at the same level of theory to
characterize the nature of the optimized structures. A better understanding of the
structures is obtained from the fragment molecular orbital calculations [16].
We have obtained reasonable agreement with experiment in terms of relative energe-
tics and structural parameters using this level of theory. The accuracy of the energy
values and geometrical parameters, calculated by B3LYP functional, is well docu-
mented [17a,b]. The geometrical parameters in the transition metal complexes are
reported to be close to the experimental values [17a]. However, the errors in the
energy values are usually in the range of 3—5 kcal/mol [17a]. Due to computational
limitations, we have replaced the actual ligands on metal and butadiyne with smaller
substituents. These replacements will be mentioned in the appropriate contexts
during the course of the discussion. The Kohn—Sham DFT has become one of the
most popular and widely used tool in the electronic structure calculation due to its
modest computational cost, which makes it applicable to large systems as compared
with correlated wave function theory [17a—f]. Nevertheless, one should be aware of
certain limitations of the DFT. The reliability of this method is limited by the
functionals used. The main challenge in a DFT calculation at this level is the quality
of the nonclassical exchange and correlation interactions between electrons. More-
over, there are cases where DFT fails [17g-1]. It is inaccurate for interactions which
are dominated by correlation energy such as van der Waals attractions, noncovalent
interactions, and w—mr stacking. Photochemistry, strongly correlated systems, physi-
sorption, and polymers are poorly described in standard DFT. The major drawback
in using these DFT methods is that they cannot be systematically improved unlike
the wave function-based methods. As a result, the performance testing of the
different density functionals is necessary before it is applied to a specific research
problem. Several attempts to get better functionals than the popular B3LYP during
the last few years have been fruitful [18]. Many groups are actively participating in
the design of new functionals to overcome the above mentioned limitations of
B3LYP. At present, several new and improved functionals are available in the
literature [18]. Some of the newly developed functionals are B2PLYP [18a],
B2PLYP-D [18b], B3PWI91 [18c], mPWI1PW91, mPWPW91 [18d], PBEPBE
[18e], M05-2X [18f], MO5, PW6B95, PWB6K, and MPWBI1K [18g]. However,
when we started these studies, B3LYP was the best available functional for the
calculation involving transition metal organometallic complexes. The calculations
done using B3LYP are retained in this discussion, so that all calculations need not be
done again. We have checked several crucial steps with more recent functionals and
they give similar results [11h]. It is clear that the study of a new problem must be
undertaken after ascertaining the applicability of the functional for that specific
system. Other chapters in this book provide several guidelines for this.

14.2 BENT METALLOCENES: Cp,M (M =Ti, Zr)

Unlike ferrocene, group-4 metallocenes are 14-electron species and hence,
very reactive [19]. These are generated in situ, for immediate reaction [9b,20] and
have bent geometry (Scheme 14.4). The electron deficiency forces them to accept
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M M
Ferrocene Titanocene
18e complex Zirconocene

14e complex

SCHEME 14.4 Schematic representation of ferrocene and bent metallocene (Titanocene
and Zirconocene).

electrons from other ligands. The bent metallocenes Cp,M (M = Ti, Zr) have three
in-plane valence molecular orbitals and two electrons (d* system) available for
bonding with other ligands (Figure 14.1a) [19]. The similarity of the frontier orbitals
of CppM (M =Ti, Zr) fragment, with the frontier orbitals of the carbene, can be
easily understood (Figure 14.1b) [6b]. Carbene has two in-plane molecular orbitals,
whereas Cp,M fragment has three in-plane molecular orbitals. The highly directed
and contracted molecular orbitals available in carbene lead to the typical organic

AR

Cp,M
(a) M=TiZr

\

(b) CH,

FIGURE 14.1 (See color insert following page 302.) Frontier molecular orbitals of
(a) bent metallocenes (Cp,M; M =Ti, Zr) and (b) carbene.
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reactions of carbene. Carbene cannot stabilize the strained organic fragments to the
extent a Cp,M fragment can do with its more diffuse orbitals that are available for
bonding. Moreover, the three frontier molecular orbitals of Cp,M fragment can
rehybridize to form suitably oriented molecular orbitals for the interaction with the
ligand. Therefore, the replacement of CH, fragment in organic molecules by Cp,M
(M =Ti, Zr) fragment brings dramatic changes in the structure, bonding, and reacti-
vity of the organometallic moiety as compared with the organic molecule. One such
example is obtained by replacing CH, fragment in highly strained cyclopentatriene
molecule by Cp,M (M =Ti, Zr) fragment to generate metallacyclocumulenes (5).

14.3 STRUCTURE AND BONDING
IN METALLACYCLOCUMULENE

These bent metallocenes on reaction with unsaturated molecules such as alkynes,
olefins, acetylides, and vinyls form several metallacycles [9,10]. One rather unusual
five-membered metallacycle is metallacyclocumulene (5). It has been synthesized in
several ways. In 1994, the first stable metallacyclocumulene (Cp2Zr(n4-t-BuC4—t-Bu))
was synthesized by Rosenthal et al. and was obtained by the reaction of Cp,Zr
(pyridine)(m*-Me;SiC,SiMes) with --BuC=C—C=C--Bu [21]. A few years later,
the titanacyclocumulenes Cp,Ti(n*-RC4R), R = -Bu and Ph, were synthesized from
szTi(nz-Me3SiC25iMe3) and RC=C—C=CR [22]. Later on several derivatives
of both titanacyclocumulenes and zirconacyclocumulenes have been synthesized in
many different ways (Scheme 14.5) [6h,6i1,23-25].

M =Ti, Zr
R =Ph, SiMes, t-Bu, Me

hy

SCHEME 14.5 Different synthetic routes for the preparation of metallacyclocumulene (5).
Note: The perception of strain energy in the cyclocumulene is so high that initial attempts at
publishing the experimental single crystal data of the metallacyclocumulene (5) met with
strong resistance from referees (personal comments from Prof. U. Rosenthal). Characterization
of the structure computationally helped in gaining acceptance of the structure.
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TABLE 14.1

Geometrical Parameters of the Metallacyclocumulene Complexes (5),
Cp»Zr(C4H,) and Cp,Ti(C4H,), Calculated at B3LYP/LANL2DZ

Level of Theory

Bond Length A) Bond Angle (°)
Molecule C1—C2 c2—C3 M—C1 M—C2 C1—C2—C3 M—C1—C2
Cp,Zr(C4H,) 1.316 1.342 2.353 2.373 146.6 74.7
(1.280) (1.310) (2.357) (2.303) (150.0) —
Cp,Ti(C4H,) 1.302 1.344 2.242 2.259 145.1 73.9
(1.277) (1.338) (2.252) (2.210) (147.6) —

Note: Experimental values are given in parenthesis [25].
Source: Reproduced from Bach, M.A., Parameswaran, P., Jemmis, E.D., Rosenthal, U.
Organometallics, 26, 2149, 2007.

This complex seems unusual in the beginning, as the organic counterpart of
metallacyclocumulene (5), i.e., cyclopentatriene (CsHy), is highly unstable due to the
nonlinear C=C=C=C bond and the resulting ring strain [11e,26]. On the basis of
x-ray structural data and IR spectra, there is substantial interaction between the metal
and the middle C=C bond of the metallacyclocumulene [6h,i,21-25]. The calcula-
tions on metallacyclocumulene (5) show that the metal atom and the four carbon atoms
of the metallacyclocumulene ring are coplanar [11d,e,g]. All the M—C bonds are
within the bonding range, and the middle M—C bonds are marginally longer than the
end ones (Table 14.1 and Figure 14.2a). The computed geometrical parameters of the
metallacyclocumulenes are not far from the experimental structures (Table 14.1). The
C2—C3 bond lengths of the metallacyclocumulenes Cp,Zr(C4H,) and Cp,Ti(C4H,)
are of comparable magnitude, indicating a similarity in the electronic structure as well.

The computed C—C and M—C bond indices and populations reveal the
cumulenic nature of 5 [11d,e,g]. The electronic structure of metallacyclocumulene
is best analyzed from a fragment molecular orbital approach [16]. The metal in
the Cp,M fragment is in the formal oxidation state of +2 with two valence electrons.
The three frontier orbitals of Cp,M are in the MC, plane. The in-plane frontier
orbitals of the HCCCCH fragment are formed from the two in-plane p-orbitals on
the two middle carbon atoms (C2 and C3) and the sp hybrid orbitals on the end
carbon atoms, C1 and C4. These form four linear combinations, similar to the
orbitals of butadiene. The lowest two orbitals among these are filled. The next
MO, the lowest unoccupied molecular orbital (LUMO) of the C4H, fragment,
corresponds to the in-plane equivalent of the LUMO of the butadiene mr-orbitals
and is bonding between C2 and C3. The strongest stabilizing interaction is
between this LUMO of C4H, fragment and the highest occupied molecular orbital
(HOMO) of Cp,M fragment (Figures 14.2b and 14.3). This interaction stabilizes
the C2—C3 bond (HOMO, Figure 14.2b). This is in contrast with the familiar
Dewar—Chatt—-Duncanson model of metal to m* backbonding, which would have
lengthened the C2—C3 bond [27]. This effect is tempered by the two ™ MOs
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» M =Ti, Zr

(a) Metallacyclocumulene (5)

FIGURE 14.2 (See color insert following page 302.) (a) Structure and important geomet-
rical parameters of metallacyclocumulene (5). (b) molecular orbitals of metallacyclocumulene
(5). The values in normal font correspond to M = Ti and the values in parenthesis correspond
to M=Zr. (c) A contour diagram of the HOMO of metallacyclocumulene (5) showing the
in-plane interaction of metal and the ligand. (Reproduced from Bach, M.A., Parameswaran, P.,
Jemmis, E.D., Rosenthal, U., Organametallics, 26, 2149, 2007; Jemmis, E.D., Phukan, A.K.,
Jiao, H., and Rosenthal, U., Organometallics, 22, 4958, 2003. With permission.)

perpendicular to the MC, plane, typical of butadiene. Another stabilizing interaction
is the donation of electrons from the HOMO of C4H, to the empty d-orbital
of the metal atom (HOMO-3, Figures 14.2b and 14.3). The contour plot of the
HOMO of § indicates significant interaction between the central carbon atoms with
metal and in-plane delocalization of electrons in the ring (Figure 14.2c). The w
delocalization in the plane of the ring (HOMO and HOMO-3) and in the plane
perpendicular to the ring (HOMO-1 and HOMO-2) indicates the bis-homoaromatic
nature of the metallacyclocumulene. Homo- and bis-homoaromaticity are usually
observed in charged species, but neutral homoaromatic and bis-homoaromatic sys-
tems are very rare. We have done nuclear independent chemical shift (NICS)
calculations to understand the cyclic delocalization of electrons or aromaticity
[29]. This calculation indicates possible interactions between the metal and the
carbon atoms in the metallacyclocumulenes (5). A very strong aromatic stabilization
is found in the metallacyclocumulene with both M = Zr and Ti, as indicated by their



202 Chemical Reactivity Theory: A Density Functional View

-2.702
| @wumo)

(HOMO)
=3 -2.311

(LUMO)

(HOMO)

-7.814
- (HOMO-3)

CpyZr CpyZr(C4Hy) C4H,

FIGURE 14.3 Interaction diagram between the cumulene (C4H,) and Cp,Zr fragment in
metallacyclocumulene complex (5, Cp,Zr(C4H,)) obtained using ADF2007.01 program pack-
age [28]. The other less important interactions are omitted for clarity. A similar interaction
diagram is obtained for Cp,Ti(C4H,) complex.

large NICS(0) (—34.4 and —36.2 for M=Zr and Ti, respectively) and NICS(1)
(—15.0 and —16.7 for M =Zr and Ti, respectively) values [11e]. These are due to the
3c—2e bonding in the plane of the five-membered ring and w-bond perpendicular to
the plane of the five-membered ring. Thus, one might conclude that they are neutral
bis-homoaromatic.

The interaction between the central carbon atoms with metal and in-plane
delocalization of electrons in the ring reduce the strain in the five-membered
metallacyclocumulene as compared to corresponding organic counterpart, cyclopen-
tatriene [11e]. The ring strains were calculated by successive hydrogenation energies
from the unsaturated cyclocumulene (CsH,4, Cp,Ti(C4H,) and Cp,Zr(C4H,)) to the
saturated cyclopentane (CsH;y, Cp,Ti(C4Hg) and Cp,Zr(C4Hg)) (Scheme 14.6). As

M kcal/mol M kcal/mol M kcal/mol
CH, 1234 g CH, 231 H oHH CH, 258
Cp,Ti 385 H Cp,Ti 201 o YoH CpTi 198
CpZr 315 . = Cp,Zr 304 M)é\ Cp,Zr 131
H
= H u
H

SCHEME 14.6 Successive hydrogenation energies (in kcal/mol) of the unsaturated cyclo-
cumulenes CsHy, Cp,Ti(C4H,) and Cp,Zr(C4H») to form the saturated cyclopentanes CsH g,
Cp,Ti(C4Hg) and Cp,Zr(C4Hg) at the BALYP/LANL2DZ level of theory.
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expected, the C—C cumulenic bond in cyclopentatriene (CsH4) has a very high
hydrogenation energy (123.4 kcal/mol), which is five times the value (23.1
kcal/mol) of cyclopentadiene (CsHg). This is due to the enhanced strain in the
cyclopentatriene, and it is not surprising that this molecule is still elusive [26]. The
small hydrogenation energies for metallacyclocumulene (38.5 kcal/mol for M =Ti
and 31.5 kcal/mol for M = Zr) indicate that the metal fragment nearly eliminates the
strain energy present in the cyclopentatriene molecule [11e]. These reduced hydro-
genation energies can be ascribed to very strong stabilizing interaction between the
metal center and the cumulene. Another component responsible for the reduction in
strain is the longer M—C bonds as opposed to the corresponding C—C bonds in
cyclopentatriene. The C1—C2—C3 angle of 114.7° in the cumulinic part of the
cyclopentatriene is far away from the ideal linearity anticipated for cumulenes.
The complexation with metal increases this angle in metallacyclocumulene to
145.1° for M=Ti and 146.6° for M = Zr (Figure 14.2a) and helps in reducing the
strain in five-membered ring. However, this angle is still far away from linearity.

After observing the low value of the strain energy of the metallacyclocumulenes,
it is not surprising that these are similar in energy to their less strained isomers such
as metallacyclopropenes (6) and metal bis-acetylides (7). It is interesting to note that
the most stable isomer among the organic counterpart of the molecules 5, 6, and 7 is
the least strained acyclic species 7; the cyclocumulene derivative S is higher in
energy by 51.6 kcal/mol and the cyclopropene derivative 6 is higher in energy by
16.7 kcal/mol. The introduction of Cp,Ti and Cp,Zr metal fragment brings
a remarkable change in the stability of these molecules and such a clear spread
of energy between the three structures vanishes [11d]. Calculations indicate that
the metallacyclocumulene derivative 5 and the metal bis-acetylide derivative 7
are almost comparable in energy for both Ti and Zr [11d]. The difference between
Ti and Zr is shown in the relative energies of the metallacyclopropene derivative 6.
The titanacyclopropene is lower in energy (8.1 kcal/mol) than the other two
isomers, while the zirconacyclopropene is higher in energy (4.7 kcal/mol). It is
clearly seen from the experiments so far that the Cp,Ti fragment prefers a metalla-
cyclopropene structure [6b,21]. On the other hand, similar experiments with Zr gives
structures which may be derived from 5 [6b,24]. Either of these isomers, metal
bis-acetylides (7) or metallacyclocumulene (5), can react further with another Cp,M
fragment to form the bimetallic complexes 1 or 2. The detailed energetics for these
set of reactions are discussed in the next section.

14.4 MECHANISM OF C—C COUPLING AND DECOUPLING
REACTIONS OF CpM (M =Ti, Zr)

The possible mechanism for the formation of C—C coupled (1) and decoupled
(2) bimetallic complexes from Cp,M has been investigated [11b,c]. We followed a
stepwise procedure to arrive at a model that was practical and at the same time
realistic. In the first stage, the substituted cyclopentadienyls were replaced by Cp and
the substituents on acetylides and butadiynes were replaced by H. The relative
energies showed that, the C—C coupled structure 1 for M =Ti when L =Cp and
R =H is more stable than 2 by 3 kcal/mol, while 2 is calculated to be 14.8 kcal/mol
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lower in energy than 1 for M =Zr when L =Cp and R =H (Figure 14.4) [11b,c].
This follows the experimental trend. However, the systems with cyclopentadienyl
ligand on the metal fragment were too large to perform computation. We had
substituted the ligand on Ti and Zr by Cl and calculated the relative energies for
the structures 1 and 2 for M = Ti and Zr. Even though, the C—C coupled structure
was unfavorable for both Ti and Zr, the C—C coupled structure 1 for Zr complex is
higher in energy as compared to the C—C coupled structure for Ti complex. For a
detailed study of the mechanistic details, even these systems were too large. Thus
while several calculations were carried out with this model, further simplification
was sought by replacing the CI by H. As Figure 14.4 indicates, this did not change
the energetics substantially. However, the replacement of Cp by ClI or H has a larger
effect on the energetics of the Ti complexes and the energetics of the Zr complexes
are less affected by the substitution. It should be noted that, if these studies have been
carried out in recent times, the real-life ligands could have been used. Selected

Energy (kcal/mol)

L=Cp
H H H
L /A 4
L,Ti TiL, L,Z ZrL
N L,M ML, 2 Y
/
H
1 2 1

FIGURE 14.4 Comparison of relative energies (in kcal/mol) of the complexes 1 and 2 with
M=Ti, Zr and L=H, Cl, and Cp calculated at the B3LYP/LANL2DZ level of theory.
(Reproduced from Jemmis, E.D. and Giju, K.T., J. Am. Chem. Soc., 120, 6952, 1998. With
permission.)
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SCHEME 14.7 Reaction energies (in kcal/mol) at the BALYP/LANL2DZ level of theory
between various intermediates of the reaction of Ti and Zr complexes where L =H. The
energetics with L = Cl also gives similar trend in the order of the relative energies [11b,c]. The
values in normal font correspond to M =Ti and values in parenthesis correspond to M =Zr.
(Reproduced from Jemmis, E.D. and Giju, K.T., J. Am. Chem. Soc., 120, 6952, 1998. With
permission.)

computations on the structures with Cp ligands indicate that the general conclusions
of this study remain the same.

On the basis of the analysis of various steps of the reactions and previous
suggestions (Scheme 14.2a and b), we had proposed a reaction mechanism, which
accounts for most of the experimental observations in the C—C coupling and
decoupling reaction (Scheme 14.7). This mechanistic proposal was based on the
structures of homo- or heterobinuclear transition metal complexes isolated pre-
viously [3,7,9]. All the intermediates in this reaction scheme, except the complex 8
for homo-bimetallic complexes with M =Ti, Zr, and 1 for M =Zr are reported
experimentally for both Ti and Zr complexes. Thus, the chemistry of Ti and Zr
provides many similarities along with dramatic contrasts. However, the mechanism
proposed by us from DFT calculations is found to be different from the suggested
mechanisms (Scheme 14.2) [7m,9]. In the bimetallic complexes 8 and 1, the central
carbon atoms C2 and C3, are bonded to each other. These structures can thus be
considered as C—C coupled structures. On the other hand, the structures 9 and 2 do
not have a bond between the central carbon atoms (C2 and C3), and hence these
structures can be considered as C—C decoupled structures. If we consider the
reaction pathway starting from structure 5 to structure 2, then it is obvious that the
central C—C bond in S is cleaved during the reaction. Similarly, the reaction
pathway from structure 7 to 1 indicates a C—C coupling reaction.

Scheme 14.7 gives the detailed energetics for M =Ti, Zr and L =H of all the
possible reaction steps starting from the monometallic complexes 5 and 7. The order
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(b) HOMO HOMO-1

FIGURE 14.5 (See color insert following page 302.) (a) The structure and important
geometrical parameters of the bimetallic complex 8. The values in the normal font correspond
to M =Ti and the values in parenthesis correspond to M =Zr. (b) Molecular orbitals of the
complex 8 showing the in-plane delocalization.

of the relative energies obtained for L=Cl is not very different from what is
obtained for L=H [11b,c]. The first step is the formation of the bimetallic complex
8 from metallacyclocumulene (5). This process is exothermic by 68.3 kcal/mol for
M =Ti and L =H (Scheme 14.7). The major change observed here is the elongation
of the C2—C3 bond in complex 8 as compared to complex 5 (Figures 14.2a and
14.5a). From the earlier bonding analysis of metallacyclocumulene (5) it is clear
that the perpendicular m-orbitals are delocalized (HOMO-1 and HOMO-2,
Figure 14.2b) and hence less available for further interaction with the second metal.
There is only the in-plane molecular orbital (HOMO, Figure 14.2b) available in
metallacyclocumulene for bonding to another Cp,M fragment [11d,e,g,h]. The
HOMO of the metallacyclocumulene donates electrons to the empty d-orbital of the
second Cp,M fragment to form the complex 8 (HOMO-1, Figure 14.5b). This reduces
the bonding interaction between C2 and C3. At the same time, back donation from the
filled d-orbital of Cp,M fragment to the LUMO of metallacyclocumulene also takes
place (HOMO, Figure 14.5b). Both these interactions lead to an increase in the
antibonding interaction between C2 and C3, which results in the elongation of
C2—C3 bond in structure 8 as compared to that in the structure 5 [11d,e,g].
The striking feature of the structure 8 is the coexistence of two adjacent planar
tetra-coordinated carbon atoms C2 and C3 [11g]. While there have been several
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examples of structures with single planar tetra-coordinated carbon atom, structures
with two adjacent planar tetra coordinated carbon atoms are not common [9b,10c,30].

The metal in metallacyclocumulene (5) is in the formal +4 oxidation state and
retains the +4 oxidation state while forming the bimetallic complex 8. The longer
C2—C3 bond distance in 8 justifies the description of C, as a buta-1,3-diene
tetraanion making both metals formally +4. On the other hand, the bis-acetylide
complex 7 (metal is in 44 oxidation state) reacts similarly with ML, and forms a
complex 9. This can be viewed as formed by the donation of the m-MO in the metal
bis-acetylide (7) complex to another ML, fragment. The formation of the redox
complex 9, in which one metal center formally is in the + 4 and the other is in+ 2
oxidation state, is more exothermic (103.2 kcal/mol for M = Ti and L =H) than the
formation of 8 from 5. Thermodynamically, 9 is favored over 8 partly because of
the absence of stabilization due to w-coordination towards the metal center in the latter
complex. Since the in-plane m bond of C2—C3 is already delocalized with the metal
(M5) in metallacyclocumulene (5), the metal— interaction in complex 8 (interaction
of M6 with C2—C3) does not have optimum orbital hybridizations for the best
overlap (Figure 14.5b) [11g,h]. The complex 9 can rearrange to 2 by the inversion
of one of the C=C m-bond and similarly complex 8 can isomerize to 1 through
the movement of one C=C m-bond. The relative energy difference between 9 and 2 is
1.4 kcal/mol for M = Ti and — 1.2 kcal/mol for M = Zr. Rosenthal et al. had suggested
the rearrangement of 8 to 1 as a possible step in the mechanism (Scheme 14.2a). This is
also calculated to be thermodynamically favorable for Ti and Zr (Scheme 14.7). The
structural difference between 1 and 2 is not very large and 2 can form 1 by a C—C
bond formation between the two central carbon atoms, C2 and C3.

These energetics points out that the thermodynamic preferences of ground-state
structures are not sufficient for deciding the most feasible mechanistic steps. The
potential energy diagram for the overall reaction mechanism including various
transition structures are shown in Figure 14.6 for Ti and Zr complexes. Comparison
of barrier heights of different reaction steps helps to predict the favorable pathway.
The conversion of the complex 8 to 1 suggested in the experimental Scheme 14.2a
by Rosenthal et al. is calculated to have the highest barrier (34.1 kcal/mol for M =Ti
and 33.4 kcal/mol for M =Zr) on the potential energy surface. However, the M—M
axis in 8 is orthogonal to the middle C—C bond, which is already highly stretched
for a conjugated carbon chain, making its activation feasible. The same conversion
can be achieved through intermediates 9 and 2. The barriers for the isomerization
reaction 8 to 9 are calculated to be practically nil (0.9 kcal/mol for M=Ti and
0.3 kcal/mol for M =Zr). The next step 9 to 2 also have reasonably low barrier
heights of 13.4 kcal/mol for M=Ti and 14.3 kcal/mol for M =Zr, justifying the
dynamic processes observed in solution [7,9]. The final step, involving the C—C
bond formation from 2 to 1, has barriers 10.4 kcal/mol and 18.1 kcal/mol for Ti and
Zr complexes, respectively. This is the largest difference calculated between energet-
ics of the Ti and Zr complexes in these sets of reactions. Thus, the analysis of different
mechanistic pathways outlined in Scheme 14.7 suggests the possibility of the reaction
to proceed via 5-8-9-2-1 rather than any other pathways. Details of the transition
structures give hints about the reason for high or low barriers. An interesting case is
the transformations of 8 to 1 and 9 to 2 (Scheme 14.8). Both involve shifting of a
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FIGURE 14.6 Potential energy surface at the BALYP/LANL2DZ level of theory for the
mechanism of C—C coupling and decoupling reactions given in Scheme 14.7. The energy
values are in kcal/mol. The energetics with L =Cl also gives similar trend in the order of the
relative energies [11b,c]. The values in normal font correspond to M=Ti and values in
parenthesis correspond to M =Zr. (Reproduced from Jemmis, E.D. and Giju, K.T., J. Am.
Chem. Soc., 120, 6952, 1998. With permission.)
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SCHEME 14.8 Important bond lengths of the complexes and transition states for M = Ti, Zr at
the B3BLYP/LANI2DZ level of theory; (a) 8, TS81 and 1; (b) 9, TS92, and 2. The values in
normal font correspond to M = Ti and values in parenthesis correspond to M = Zr. (Reproduced
from Jemmis, E.D. and Giju, K.T., J. Am. Chem. Soc., 120, 6952, 1998. With permission.)
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Tr-bonded C, unit from one metal to another. However, the former transformation has
a very high barrier compared to the latter one. This is because the middle C—C bond
of the C4H, unit in 8 does not allow much room for adjustment in the transition state
(TS81) while transition state connecting 9 and 2 (TS92) has enough feasibility to
retain reasonable geometry around the metal even in the transition state structure.
Among all the mechanistic steps in Scheme 14.7, the major step in distinguishing Ti
from Zr in C—C coupling is the formation of 1 from 2.

The experiments suggest a delicate thermodynamic balance between the com-
plexes 2 and 1 for the two metals; Zr prefers structure 2 and Ti prefers structure
1 [7,9]. This forced us to study the mechanism of this step of the reaction in greater
detail [11b,c]. The formal oxidation states +3 can be assigned to the metals in 2
and +4 to the metals in 1. Hence, complex 2 has two 17-electron metal centers
(when L=Cp) and complex 1 has two 16-electron metal centers (when L =Cp).
Therefore, the formation of 1 from 2 may be described as an unusual oxidative C—C
coupling (change of oxidation state from +3 to +4 with concomitant C—C coup-
ling). At this stage, it was tempting to conclude that Ti, a first-row transition metal,
can accommodate both 16 and 17 electron counts (for L = Cp), but Zr may not be
able to do the same. As a result, the formation of C—C decoupled structure 2 is only
observed for M =Zr and Ti forms both the complexes 1 and 2. However, this need
not be true, because the substituents on the 1,3-butadiyne may also change the
thermodynamic stabilities substantially. The preference for the structure 2 shown
by Ti complexes with R =Si(CH3); [31] suggests a complementary strategy for
stabilizing the C—C coupled structures 1 for Zr. The highly electron-withdrawing
substituents such as fluoride on the acetylide bridging group might help in making
structure 1 more competitive to 2. Accordingly, the energetics for the transformation
of 2 to 1 were calculated using R=H, F, and CN on the 1,3-butadiyne and L=H
(Figure 14.7).

The change in the thermodynamic stability in going from R =H to R =F was as
expected. While 1 (R =H) is 17.4 kcal/mol less stable than 2, the complex 1 (R =F)
is 3.9 kcal/mol more stable than 2 for M =Zr (Figure 14.7) [11b,c]. Model studies
indicate that Ti prefers C—C coupled product 1 over Zr even when R=H and
this preference becomes more prominent with R =F. The C—C coupled structure
1 is more preferred for Zr complexes than the uncoupled structure 2, when R =F
(Figure 14.7). Thus, we suggest that fluoride substituents on 1,3-butadiyne would
force the reaction into the side of structure 1 for M = Zr. These trends can be used in
designing appropriate ligands for the experimental synthesis of C—C coupled Zr
complex. The thermodynamic preference for the structure 2 with M =Zr and
R =CN did not reverse, and the coupled product 1 is less favorable by 9.1 kcal/mol
than the decoupled product 2 (Figure 14.7). This indicates that the CN substituent is
not sufficiently electron accepting to enforce the shift in the equilibrium. Further
calculations on the model complexes 1 and 2 for both the metals, where L = Cp and
R=H, were carried out to verify the trend obtained with the simplistic model
complexes (L =H and R =H). The change in the thermodynamic preference from
R=H to R=F for M =Zr retains with L =Cp. The relative energy difference of
14.8 kcal/mol (17.4 kcal/mol with L = H) between the C—C decoupled structure 2
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FIGURE 14.7 Potential energy diagram at the B3LYP/LANL2DZ level of theory for
the isomerization of 2 to 1 with M =Ti, Zr and R =H, CN, and F. The relative energy values
are in kcal/mol. (Reproduced from Jemmis, E.D. and Giju, K.T., J. Am. Chem. Soc., 120,
6952, 1998. With permission.)

and C—C coupled structure 1 with R=H was brought down to —10.6 kcal/mol
(—3.9 kcal/mol with L =H) with R =F when Cp is used for M =Zr.

The difference in the energetics of 1 and 2 for Ti and Zr requires an explanation.
The difference in the ionic radii between Ti and Zr suggests a possible justification.
The larger size of Zr leads to the longer C1—C2 bond and consequently the C1 and
C2 are almost equidistant from M5 in structure 2, for Cp,Zr. This in turn results in a
longer C2—C3 bond (3.003 A, with L = Cp) in 2. This facilitates -bonding to M6,
while maintaining o interaction with M5. In the isostructural Ti complex 2, the
corresponding C2—C3 bond length is 2.985 A (L = Cp), which is further along the
path to C—C bond formation. We found that the fluoride substitution also helps in
reducing the C2—C3 distance in the Zr complex 2 from 3.003 A when R=H to
2985 A (R=F, L =Cp). The relative energies of the transition state structures
indicate that C—C coupling is considerably more favorable for Ti than for Zr
(Figure 14.7). The analysis of the transition state structure for the transformation
of 2 to 1, indicates that the movement of the central carbon atoms required for
M =Ti is less compared to Zr. During the process of C—C bond formation, with
L=H, the C2—C3 distance varies from 2.786 A (in 2) — 1.964 A (in transition
state TS21) — 1.607A (in 1) for Ti complexes. A similar variation in Zr complexes,
with L =H, is 2.986A (in 2) — 1.944A (in transition state TS21) — 1.637A (in 1).
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Comparison of the x-ray crystal structure data of similar Ti and Zr complexes 2 shows
that the Zr—Zr distance (3.522 A) is shorter compared to the Ti—Ti distance (3.550 A).
This is interesting for the following reason. The conventional electron counting leads
to +3 oxidation state and d" electron count for the metals in 2. The covalent radius of
Zr (145 A) is larger than that of Ti (1.32 A). Despite this, the Zr—Zr distance is
shorter than that of the Ti-Ti distance. The charge analysis with L = Cp and R = H for
M =Ti and Zr indicates a major electrostatic metal ligand interaction for M =Zr in
comparison to M =Ti [11c]. This might lead to a possible antiferomagnetic inter-
action mediated through the bridging acetylides to the shortening of Zr—Zr distance
compared to Ti—Ti distance in 2. In conclusion, the unusual C—C coupling observed
in dimeric titanium complexes and lacking in the corresponding zirconium complexes
is a consequence of thermodynamic energy differences.

14.5 CONCLUSION

It is clear from the above discussion that the theoretical calculations using DFT
contribute enormously to the understanding of the structure, bonding, and reactivity
of the organometallic complexes. It also gives such insight into the structure,
bonding, and reactivity, which otherwise could not have been obtained from experi-
ments. Major advances have been made in analyzing the nature of the electron-
deficient metallocenes, Cp,M (M =Ti, Zr). We have also studied successfully the
formation of the unusual organometallic complex, the metallacyclocumulene, from
these electron-deficient metallocenes. Besides, the reactivity of metallacyclocumu-
lenes toward another Cp,M fragment is also analyzed using DFT. Theoretical studies
could answer several crucial questions in this area of the reaction of Cp,M fragment
with unsaturated organic molecule such as acetylide and butadiyne. It could satis-
factorily explain the stability of the unusual metallacyclocumulene complex from the
bonding studies, which indicates predominant interaction between ligand and metal
as the prime cause for the stability. A thorough mechanistic study at the DFT level
explains that the difference in the reactivity of M =Ti and M =Zr to form C—C
coupled and C—C decoupled products is governed by the thermodynamic energy
difference. Our experience clearly indicates that chemical understanding of great
importance can be obtained by considering all aspects of a set of chemical structures
and reactions rather than a single chemical transformation.
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15.1 INTRODUCTION

“The underlying physical laws necessary for the mathematical theory of a large part
of physics and the whole of chemistry are thus completely known . ..”. This assertion
stated in 1929 by P. A. M. Dirac [1] sets a clear goal for theoretical chemists. Put
simply, every chemist, and the theoretical chemists probably first, should strive to
frame chemistry within the context of quantum mechanics. Unfortunately, after
nearly 80 years, we are far from having achieved this aspiration. Chemistry is still
described by a wealth of concepts that are neither rooted in quantum mechanics nor
directly derived from it [2]. Two reasons immediately come to mind. Firstly, chem-
istry has a long history whereas quantum mechanics is a relatively young discipline.
Recasting an older science with its own traditional views within the context of a
newer one is hard and often meets opposition. Secondly, in the distant past, chemists
had already developed their own parlance, which continues to suit their needs very
well till now. A good example is the chemical bond. The chemical bond was already
mentioned by Frankland in 1866 [3], long before the Heitler—London wave function
for Hy [4] was derived, and thus much before one could put it in a quantum
mechanical framework.

It would have been easier to put vague and intuitive concepts on a firmer
quantum mechanical footing if they had not been so successful. Indeed, one can
only admire the amount of interpretation and prediction accomplished by chemists
using their toolbox of concepts. Some of these ““‘toolbox users”” may be distrustful of
theoretical chemists trying to fix something that, according to these users, is not
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broken [5]. On the other hand, chemistry does need the input of quantum mechanics
for a different reason. Chemists want to fundamentally understand why a chemical
bond between the two same atoms is so similar in different molecules and why
molecules in a homologous series behave in such a similar way, for example.

Current computational resources enable highly accurate predictions of molecular
structures and properties. As a result, the theoretical chemist is appreciated within a
broader chemical community as being able to contribute to the ever growing field of
chemistry. This mutual understanding is partially due to all involved speaking the
same (often conceptual) chemical language. Suddenly abandoning this language may
quickly turn the theoretical chemist into the outsider he once was in the chemical
community. But every theoretician should remember Dirac’s remark mentioned
above and speak the language of quantum mechanics.

The debate on several chemical concepts between those following a more
“intuitive” path and those following a “‘physically rigorous’ path remains lively.
The present chapter deals exactly with such a concept: the atom in the molecule
(AIM). Some consider it a product of the mind, a noumenon [6], others accept only a
strict quantum mechanical definition. The dust does not seem to have settled yet as
far as this argument is concerned. In order to give the reader an idea of the
discussions arising from confronting different AIM methods, emphasis is put on
describing different AIM techniques. Some thoughts on the deeper roots of the AIM
will be shared at the end. This chapter will also introduce some key ideas on
population analysis. Nevertheless, we limit the coverage of population analyses
because the concept of an AIM is wider than a mere atomic charge.

15.2 ATOMS IN MOLECULES VERSUS POPULATION ANALYSIS

Although the title of this chapter reads Atoms in Molecules and Population Analysis,
it should be clear from the beginning that the two topics in the title need to be
differentiated. A population analysis is a computational technique to obtain atomic
charges. An intuitively plausible population analysis should quantitatively recover
the qualitative consequences of electronegativity, where more electronegative atoms
“draw” more electrons to themselves than less electronegative ones. Any sound
approach that yields a definition of an AIM should allow obtaining an AIM popu-
lation and thus an AIM charge. The reverse is not always possible. To show this we
discuss the ubiquitous electrostatic potential (ESP)-derived charges [7-10].

The electron density p(r) and the molecular M-nuclear framework {Z4, Ry}
together generate an EPS V(r;) in all points of space r;:

4
V(r,):ZA: = fRA'—J P4y (15.1)

ri —r|

There is much interest in the ESP because it plays a major role in molecular
recognition. Repeated evaluation of the ESP is very costly, especially for large
molecules during simulations. Therefore finding an alternative way to compute
ab initio quality ESPs at much lower cost is important. Methods that simplify
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Equation 15.1 have been derived. The key idea is to replace the continuous density
function and the nuclear framework with the following much simpler expression (for
a review, see Ref. [9]):

Vi(r) = f: G (15.2)
= [ri — Ry

The introduction of point charges in Equation 15.2, usually placed at nuclear posi-
tions, is a popular simplification of Equation 15.1. Naturally these charges need to be
fitted in order to attain the best possible agreement between V(r;) and V'(r;). The
atomic charges Q4 are optimized under the constraint of adding up to the molecular
charge, and often also under the constraint of reproducing some molecular multipole
moments. The input for the optimization consists usually of a (very) large set of data
points {r;,V(r;)}, where the V(r;) values were computed from Equation 15.1. The
points {r;} are chosen on some predetermined molecular surface so that the proced-
ure effectively reproduces the ESP in regions around the molecule where interactions
are assumed to take place. This simple description of ESP-derived charges shows
how a population analysis is performed without any notion of an AIM. In fact, one
can easily think of adding more sites to position charges, for instance, in the middle
of each bond. Nevertheless, point charges continue to dominate applications both in
biochemistry and material science in spite of their well-documented deficiencies. The
literature on determination of point charges is relatively large and highlights a
surprising lack of mathematical understanding of the fitting procedures used to
determine them. A thorough and informed analysis of this problem [11] demon-
strated that the fitting procedure is underdetermined. In other words, there are too
many point charges (i.e., degrees of freedom) to reproduce the exact ESP V as best as
possible. This leads to point charge values being erratically assigned and further
reduction of their chemical meaning. Overall, it is more desirable to model intermo-
lecular interactions by means of multipole moments [12—-14].

15.3 BASIC REQUIREMENTS OF AN AIM METHOD

If population analysis is not synonymous with the concept of an AIM, it becomes
necessary to introduce a proper set of requirements before one can speak of an AIM.
An AIM is a quantum object and as such has an electron density of its own. This
atomic electron density must obviously be positive definite and the sum of these
atomic densities must equal the molecular density. Each atomic density p4(r) can be
obtained from the molecular density p(r) in the following way:

pa(r) = wap(r) (15.3)

where W, is a positive definite operator. As the atomic densities sum to the molecular
density,

> palr) = p(r) (15.4)
A
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it follows that
D =1 (15.5)
A

All the different AIM methods that will be discussed below basically use this same
approach but quite different in the nature of w4. Chronologically, we will discuss the
Mulliken AIM, the Hirshfeld AIM, and the Bader AIM. This last approach will
henceforth be called quantum chemical topology (QCT)*. There are more AIM
methods, but most of them can be easily understood by the three selected emblematic
approaches.

15.4 MULLIKEN APPROACH
~ Mull

Before introducing the form of the Mulliken operator, W', it is appropriate
to return to the concepts of early days of quantum mechanics. Heitler and London
wrote down the singlet wave function for H, in terms of the hydrogen 1s atomic
orbitals on both hydrogen atoms A and B [4]:

W = N(Isa(D1sp(2) + Lsp(D154(2) (a(DB2) — a2)B(1)) (15.6)

From this wave function, one sees how even in the early beginning of molecular
quantum mechanics, atomic orbitals were used to construct molecular wave functions.
This explains why one of the first AIM definitions relied on atomic orbitals. Now-
adays, molecular ab initio calculations are usually carried out using basis sets consist-
ing of basis functions that mimic atomic orbitals. Expanding the electron density in the
set of natural orbitals and introducing the basis function expansion leads to [15]

p(r) =" Dy |v){u| (15.7)
Vi

* In the literature of the 1980s and 1990s, the acronym AIM was uniquely used to refer to the ‘“‘quantum
theory of atoms in molecules’ pioneered by the Bader group. To differentiate this approach from others
the acronym, QTAIM was introduced later. Extensive work by the Bader group provided QTAIM with a
rigorous quantum mechanical foundation by proving that the topological condition of zero-flux serves as
the boundary condition for the application of Schwinger’s principle of stationary action in the definition
of an open system. One of us has proposed the name quantum chemical topology (QCT) to better capture
the essential and unique features of QTAIM. Secondly, QCT facilitates future developments, general-
izations, and applications. The acronym AIM (or QTAIM) is actually too narrow because, strictly
speaking, it only makes sense as a term if one analyses the electron density topologically. Only then
does one recover an “‘atom in a molecule.” A topological analysis of the Laplacian of the electron
density (which is part of QTAIM) or the topology of the electron localization function (ELF), for
example, does not yield “atoms in molecules.” However, they can both be put under the umbrella of
QCT since they share the central topological idea of partitioning space by means of a gradient vector
field. Also, returning to the electron density, one could use the topological analysis to recover molecules
in van der Waals complexes or condensed matter. Again, as a name, AIM does not describe this result.
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where we use Dirac’s bra-ket notation for the basis functions |v) and (u|. The symbol
D,,, denotes an element of the charge and bond order matrix [15]. Greek letters refer
to the basis functions used in the calculation. In order to establish the Mulliken AIM,
the required operator can be written as [16]

=" ZS( Vo (15.8)

g€eA

where Sf;\l) is the element oA of the inverse of the overlap matrix. Letting this
operator act on Equation 15.7 one finds that

Mull (r) ~ Mullp(r)

—ZZZ%MWMM

v o€A

=> > ZDWSM Sivle) ul

v Oo€A

= Z ZDVM80V|O- /*‘L

v Oo€A

= Doulo)(ul (15.9)

gEA M

The well-known expression embodying the Mulliken population analysis [17-20]
then follows after integration over all space,

in‘f”“( )dr =~ (DS),, (15.10)

gcA

" Mull

The operator w, *" has an interesting characteristic, namely that

AMull Mull ZZZZSETADS S( 1) >< |

ogcA veEB

S5 s

g€A veB pu
=0 if A#B
=l ifA=8B (15.11)

This means that the operators are mutually exclusive and that the operator is
idempotent. Nevertheless, in three-dimensional Cartesian space the atoms do over-
lap, often even to a large extent. So they have no boundaries.

It is clear that the Mulliken operator works in the Hilbert space of the basis
functions, which has repercussions on the way the electron density is assigned to the
nuclei. The basis functions are allocated to the atomic nuclei they are centered on; the
decision as to which portion of the electron density belongs to which nucleus rests on
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the centering itself. The decision is encapsulated in expressions such as “oc€A”
appearing in Equations 15.8 through 15.11. This allocation is a direct consequence of
an approach that invokes atom-centered basis functions. Such an allocation scheme
will fail when basis functions centered on other locations were included in the basis
set, or if the basis functions have no center, as in plane waves. The Mulliken
approach is thus intertwined with linear combination of atomic orbitals (LCAO)
theory. Secondly, if diffuse basis functions are included in the basis set, the Mulliken
population analysis may become ‘“‘unstable.” Large fluctuations in the atomic
charges may appear upon changing the number of basis functions in the basis set.
Diffuse functions decline slowly while moving away from the nucleus. Hence they
contribute to a relatively large part of the electron density that is remote from this
nucleus. However, the contribution of the diffuse functions to the electron density is
still allocated to the nucleus. This leads to spurious results [21].

15.5 HIRSHFELD APPROACH

This approach, also often called the stockholder scheme, was introduced in 1977 by
Hirshfeld [22]. The central idea of the Hirshfeld method originates in x-ray crystal-
lography. It proposes to divide the electron density among the atoms in a molecule,
guided by a promolecular density. More precisely, once a molecular geometry is
known, a promolecular density p°(r) is composed by simply summing the density of
each atom A (denoted pg(r)) in an isolated state:

p’r) = phr) (15.12)
A

where the sum runs over all constituent atoms. The idea of using a promolecule to
distinguish AIM was not new in 1977 since it had been proposed earlier by Daudel
and coworkers [23-25].

At each point in space, the share of the atom is calculated as

pa(r)

S0 (15.13)
A

wh(r) =

This share is used as the Hirshfeld operator. The assumption behind the Hirshfeld
AIM is that this same weight operator can be used to divide the electron density of
the molecule via

po(r) )
> Pl

A

pa(r) = wi(r)p(r) = (r) (15.14)

This so-called Hirshfeld scheme is particularly popular within the so-called concep-
tual density functional theory (DFT) [26,27]. The weighting function, which identifies
the AIM as one that is most similar to the isolated atom [28], has been shown to be
directly derivable from information entropy [6,29-33]. Here again, the atoms do not
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have sharp boundaries and extend to infinity although a relatively sharp drop in
the weight of an atom may be expected in the neighborhood of other atoms. As
such, it is also reminiscent of other techniques such as the fuzzy atoms of Mayer
and Salvador [34] or Becke’s scheme [35].

Hirshfeld atomic populations were found to be mildly dependent on the basis set
[36,37], thus remedying one of the important problems of the Mulliken technique.
However, new problems are introduced. First, a promolecular density is a nonphys-
ical concept since it does not comply with the Pauli principle. Several other ques-
tionable aspects of the Hirshfeld technique have been revealed as well. Firstly, the
promolecule is not defined uniquely. Davidson and Chakravorty [38], Bader and
Matta [39], Matta and Bader [40], and Bultinck et al. [41] have questioned the
apparently conventional choice of neutral ground state isolated atom densities as
building blocks for the promolecular density. A different promolecular density
results in a different set of atomic charges. Davidson and Chakravorty [38] showed
this for the case of N,, where the atomic charges differed significantly whether one
took it as a promolecule N and N~ or as two neutral nitrogen atoms. This is clearly
undesirable and Bader and Matta [39] and Matta and Bader [40] raised the question
as to what would be the proper Li density to use in the promolecule for LiF: Li* or
neutral Li? Bultinck and coworkers [37,41,42] investigated this matter and found
that using Li® + F° as promolecule resulted in charges of +0.57 and — 0.57, respect-
ively. Using the combination, Li* +F~ as promolecule yielded a charge of 4 0.98,
and a charge of +0.30 was found when using Li~ +F" as promolecule. The only
constant is that Li is assigned the positive charge. The reported charge fluctuations
are dramatic, which corroborates the criticism by Bader and Matta [39] and Matta
and Bader [40]. A second concern is that, for covalently bonded systems the
Hirshfeld atomic charges are virtually zero. For instance, in the case of H,O the
atomic charges are 0.16 (H) and —0.32 (O). Compared with any other type of
population analysis, these values are rather small. Even for cases where one expects
significant contributions from charge transfer between atoms, the charges remain very
small. Relying on the proof by Ayers that the Hirshfeld, AIM is the one that keeps the
AIM as similar as possible to the reference isolated atom [28], this may indicate that
indeed the AIM also wants to keep its charge as close as possible to that of the
reference atom, i.e., zero. This problem becomes even larger for charged systems.

A third concern follows from the information theory background provided by
Parr, Nalewajski, and coworkers [6,29-32]. In order to use the Kullback—Liebler
formula for missing information for the AIM, an essential criterion is that the AIM
density and the density of the isolated atom used in the promolecule must normalize
to the same number [6]. This is almost never the case when using neutral atoms as a
reference. All these concerns led Bultinck and coworkers [37,41,42] to develop the
iterative Hirshfeld method, denoted Hirshfeld-I. This method, which actually coin-
cides with the suggestion of Davidson and Chakravorty [38] to find a self-consistent
Hirshfeld method, proceeds in the following way. First, a regular Hirshfeld popula-
tion analysis is carried out, resulting in a first set of atomic populations. Then a new
promolecule is constructed using atomic densities that normalize to the populations
produced in the previous step. Using that promolecule, the Hirshfeld analysis is
again carried out. This procedure is repeated until eventually the populations that
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result from the ith iteration are the same as those that were used in the promolecule in
the same iteration. Once self-consistency is obtained, one can proceed with the
extraction of Hirshfeld-I AIMs and use them for further analysis.

The results [41,42] of implementing this scheme reveal that the atomic
charges tend to grow much bigger, roughly by a factor of 3. Even charges below —1
or above+1 do appear now. In many studies, Bader’s AIM charges (detailed
explanation in the following sections) were criticized for being too large. However,
the charges of the self-consistent Hirshfeld scheme seem to grow quite large as well.
Secondly, the Hirshfeld-I scheme also makes charged molecules tractable without
using promolecular densities that normalize differently from the molecular density.
Finally, the Kullback—Liebler formula is strictly valid in assessing information
loss [43]. Also, the basis set dependence has been shown to be very small [37].
Returning to LiF, the Hirshfeld-I procedure yields AIM charges of =0.932, which
agree well with those of an ionic bond. LiH is another molecule for which Hirshfeld
and similar approaches are problematic according to Bader and coworkers [39,40].
The regular Hirshfeld method yields charges of 4 0.43, which are indeed very low
for this kind of species. On the other hand, using the Hirshfeld-I scheme, the charges
become £ 0.930. As is the case for the Bader method [39], the Hirshfeld-I charges of
LiH and LiF have become very similar.

Introducing self-consistency in the Hirshfeld-I scheme removes most of the
arbitrariness in choosing a promolecule. It was also proven that the corresponding
AIM populations [37] are independent from the starting point of the iterative process.
Still, one arbitrary decision remains. The states of the isolated atoms used in
constructing the promolecule are chosen arbitrarily as the ground state. In principle,
this problem can also be solved in the spirit of information theory. One could initiate
the Hirshfeld-I procedure for every possible combination of states of every atom,
carry it out until convergence, and then compute the information loss. Routine
application of this procedure is of course impossible. On the other hand, Rousseau
et al. [45] showed that, in the regular Hirshfeld scheme, changing the states of the
neutral reference atoms has little impact on the final AIM populations.

15.6 BADER APPROACH

The original “atoms in molecules” method [45-47] as developed by the Bader
group is based on the topology of the electron density p and that of the Laplacian of
p. Instead of an in-depth discussion of the topological features of the electron density
we just introduce a few essential characteristics here. A key concept is the gradient
vector field, which is a collection of gradient paths. Here, a gradient path is a trajectory
of steepest ascent in the electron density. The topology of the electron density is best
revealed through its gradient vector field. At the so-called critical points, the gradient
of the electron density vanishes. The critical points are best classified in terms of their
rank and signature. At a critical point, the Hessian of p is computed and its eigenvalues
are obtained. The rank is the number of nonzero eigenvalues and the signature is the
sum of the signs of the Hessian eigenvalues. For example, a maximum in p has three
negative eigenvalues, and hence its signature is —3 = (—1) + (—1) 4+ (—1). The rank is
usually 3, which gives rise to four possible signatures, namely —3, —1, 41, and +3.



Atoms in Molecules and Population Analysis 223

The nature of a critical point is denoted as (rank, signature). For example, a minimum
in p is designated by (3, + 3) and a maximum by (3,—3). The two remaining types of
critical points, (3,—1) and (3, +1) are saddle points, called bond critical point and ring
critical point, respectively.

Gradient paths can be classified by means of the type of critical points (i.e., their
signature) that they connect. This was achieved exhaustively for the first time in
2003 [48]. In the gradient vector field of p, the vast majority of gradient paths
terminate at (3,—3) critical points, which (approximately) coincide with nuclear
positions. A collection of gradient paths that terminates at a given nucleus is called
an atomic basin. These basins are mutually exclusive and thus partition three-
dimensional space into disjoint (i.e., nonoverlapping) domains. The basin together
with the nucleus inside it is then defined as the AIM within the context of QCT.
Figure 15.1 shows a few examples of QCT atoms, using a new algorithm based on
finite elements [49]. It is clear that a water dimer, which is a van der Waals complex,
can also be partitioned into QCT atoms, in the same manner as a single molecule.
The electron density’s topology does not distinguish intramolecular interactions from
intermolecular interactions. In principle, a QCT atom can be completely bounded by
topological surfaces called interatomic surfaces provided there are enough neighbor-
ing atoms. The hydrogen atom in the middle of the water dimer, for example, is
bounded by an interatomic surface on the left and one on the right. Only a very
small edge of a nontopological surface bounds it at the top and at the bottom. This
nontopological surface is an envelope of constant electron density, typically set at
p =0.001 a.u. For most atoms in the systems shown, such an envelope is vital to
bound an atom visually. Secondly, an atom also needs to be bounded in order
to have a finite volume for a numerical integration [50-52] to be possible over the
atomic basin. The picture showing cyclopropane marks the bond critical points as
purple points. These carbon—carbon bond critical points are at the center of the
interatomic surface that separates the two carbons.

Till now, the AIM in QCT comes from an entirely topological origin. The single
most important step forward in the theory was the realization that a quantum
mechanical AIM coincides exactly with this topological atom [53]. The definition
of an interatomic surface is given by

Vp(r) -n(r)=0 forallreS (15.15)

FIGURE 15.1 (See color insert following page 302.) Examples of the QCT partitioning of
the electron density. (left) All atoms in cyclopropane (except for the front methylene group);
(middle) acrolein; and (right) a water dimer (global minimum).
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This equation means that the normal to the surface S, n(r), is orthogonal to the gradient
of the electron density. In other words, the surface is parallel to Vp, or rephrased
again, the surface consists of gradient paths. The interatomic surface is a bundle
of gradient paths that terminate at the bond critical point at the center of the surface.

It can be shown that Equation 15.15 means no less than the QCT AIM itself is a
quantum mechanical object within the global quantum object. A common misun-
derstanding is that the AIM in this case becomes a closed system. This is incorrect.
The QCT AIM should be seen as an open system [54], free to exchange electronic
charge, for instance.

In order to frame the QCT method within the general expression (3), we need to
give an expression for the weight operator WSCT. From the above discussion, it is
clear that this operator will depend on r and that it is a binary operator, so its value is
either 0 or 1. For a given atom A, the operator vanishes at every point in space,
except within the basin of A, where it is equal to one. This way all atomic basins are
indeed mutually exclusive.

Figure 15.1 also shows molecular graphs, which is a collection of special
gradient paths that embody chemical bonds. Two such gradient paths originate
from a given bond critical point and when traced in opposite directions, each
terminate at a nucleus. This pair of gradient paths is called an atomic interaction
line. In an equilibrium geometry, they are known as bond paths. A debate has
emerged about whether bond paths can always be identified with a chemical bond.
Unfortunately, this debate remained circular until the careful work of the Oviedo
group and Gatti in 2007. They recently published an important paper [55], in which
the exchange-correlation energy between atoms, V,.(A,B), is invoked to cut the
vicious circle that fueled the bond path debate. The authors show that bond paths are
“privileged exchange channels” and highlight a remarkable set of observations for
classical test systems. It is clear that the competition between various V,.(A,B) terms
is expressed by the presence or absence of bond paths. One should note that QCT not
only proposes an AIM but also recovers bonding.

15.7 AIM PROPERTIES AND COMPARISON OF AIM METHODS

The properties of a quantum mechanical system such as an AIM are readily calcu-
lated from any method as long as they involve an operator acting on the electron
density, e.g., for the case of the dipole moment. The problem would seem to become
harder for other properties, although the introduction of property densities allows us
to generally introduce AIM expectation values [45]. The expectation value of a
property A for atom « in the Hirshfeld and QCT methods can be written as

Ay = Jwa(r)dr de’g [(W+AW + (AV)* W] (15.16)

where dr’ denotes integration over all coordinates of all electrons in the system,
except one. For QCT, this means that computing the average value of an atomic
property warrants integration over the atomic basin only. In the case of both the
Hirshfeld schemes (original and I), one integrates over all space but weights the
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result with the appropriate w!(r). In the case of the Mulliken method, the expres-
sions are analogous, except that manipulations are carried out in the Hilbert space of
the basis functions.

Many studies have focused on the comparison of AIM methods. Most concen-
trate on comparing the results from the AIM populations. Therefore, no such
comparison will be repeated here. The issue to be addressed here is of a more
fundamental nature. Although all the three methods addressed here have been
and continue to be used widely, none of them is without its own problems. These
may be computational in nature, such as the basis set dependence of the Mulliken
method, the high CPU cost of QCT, or the arbitrariness of the promolecule in the
Hirshfeld method. The most fundamental criticism is that in the Mulliken and
Hirshfeld methods, the AIM is introduced whereas the AIM can be deduced from
the QCT analysis of the electron density. In particular, in the Hirshfeld method, one
composes a promolecule based on the atoms that constitute the molecule, thus from
the beginning the concept of an atom is introduced. In the Mulliken approach, one
needs to rely on the use of atom-centered basis functions that mimic the atomic
orbitals, thereby introducing the atoms a priori. In QCT, the atoms can be obtained
solely from the electron density, although one must then accept finding atoms
without nucleus. These are the so-called nonnuclear attractors or pseudoatoms that
appear occa